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Summary and Conclusions 


| REPORT is the first part of a systems analysis of 
the initial phase of manned interplanetary operations. The pri- 
mary objectives of the first missions are specified and the mission 
philosophy discussed, in order to set a frame of reference. The 
importance of brief mission periods is emphasized. Suitable mis- 
sion profiles to Venus and Mars are presented. A discussion of 
propulsion systems, which can be expected to be available at that 
time, leads to the conclusion that the nuclear heat exchanger sys- 
tem, operating with liquid hydrogen, offers the best compromise 
within the framework of the mission philosophy outlined. The 


requirements for the ecological payload and the supporting sys- — 


tems, are discussed and the resulting weight requirements for the 
life support system and the scientific payload determined. 
Finally, a prototype layout for fast manned reconnaissance ve- 
hicles is presented. Subsequently the principal conclusions are 
summarized. 


1 Fast reconnaissance missions appear to be the most de- 
sirable mission type for the first flights to Venus and Mars, from 
the combined viewpoint of human tolerance and component re- 
liability. 

2 For fast mission profiles Venus requires substantially less 
energy than Mars. However, the obtainable mission period also 
tends to be somewhat longer. Prior to the first manned expedi- 
tion to Venus or Mars, which may be carried out as early as 
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A Systems Analysis of Fast Manned Flights 
to Venus and Mars 


Part |: Mission Philosophy, Life Support, Scientific 
Reconnaissance, and Prototype Vehicle Layout. 


1970/1971, we will have had 7 opportunities for sending a probe to 
Venus, only 5 for sending one to Mars. 

3 Manned landing on the target planet does not constitute a 
necessary primary objective for the first reconnaissance missions. — 

4 For fast reconnaissance flights, the best propulsion system 
available 12 years from now is likely to be the nuclear heat ex- 
changer system. This system will be needed in the sixties for large 
payload orbital and lunar operations. It should, therefore, be 
developed at high priority. 

5 Nuclear-electric propulsion systems will be available at 
that time at sufficient power and reliability for long-duration 
missions to Venus and Mars but not for fast missions. They 
could either be staged into a nuclear-heated escape vehicle as in- 
terplanetary stage or be integrated into the subsequent phase 
following the aiming at longer capture periods and landings or 
other experiments of large scope. 

6 The effect of the Van Allen radiation belt is as yet uncer- 
tain. On the basis of the radiation intensity reported so far, pro- 
tection of a crew passing through the belt in a few hours is possible 
without undue energy penalty. Suggestions to avoid shielding 
weight by escaping through the polar “‘holes’’ overlook the penal- 
ties involved in the resulting constraint of return flight paths and 
the need for protection of the crew in case of emergencies which 
may cause the ship to drift into a zone of high radiation intensity. 
It also would not necessarily offer protection when maneuvering 
near other planets. 

7 The life support system weight represents a significant frac- 
tion of, or in cases even exceeds, the weight of the scientific pay- 
load. The average life support system per man is of the order of 
10 to 14,000 Ib per person for a crew of 4 to 8 persons. No relief 
can therefore be derived from the possibility of carrying the life 
support system in chemical rockets (in an attempt to avoid radia- 
tion hazards), while carrying “radiation insensitive’? equipment 
in nuclear rockets. 


v = velocity 
Avtot = total mission velocity (i.e., sum of all velocity in- 
crements during the mission) 


Avge = Venus—Earth transfer velocity (Avst,g + 
Avarr,) 

Avgg = Earth—Venus transfer velocity (Avstq + 
Avarr, g ) 

Avst,g = hyperbolic departure velocity change from a geo- 


centric satellite orbit into the desired heliocen- 
tric transfer orbit 
= arrival (capture) velocity change from heliocen- 
tric transfer orbit to a satellite orbit of Venus 
hyperbolic departure velocity change from 
Venus 
= arrival velocity change to a geocentric satellite 
orbit 


Avarr, 
Abst, 
Avarr,o 
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Ave 7, Avarr, 7 Avst, 7 have the same meaning 
as above, with respect to Mars 


T = mission period (total period of absence from 
Earth) 
7 = submultiple capture period 
Atp 9 4.@ = transfer period from Venus to Earth via aphelion 
A: 
Atg4,\P9 = transfer period from Earth to Venus via aphelion 
Ai 
Atg ~ = transfer period from Earth to Mars 
At P.q = transfer period from Mars to Earth via perihelion 
R, = aphelion distance 


R, = perihelion distance 
astronomical unit (approximately the mean dis- 
tance Sun-Earth) 
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8 The considerable life support systems weight which, to a 
large extent, is the result of ample comfort and safety provisions, 
is a strong argument for keeping the crew size to a minimum. 
Crew sizes between 12 and 16 persons were found adequate for 
fast reconnaissance missions to Venus and Mars, involving 3 
vehicles and lasting between about 1.5 and 1 year, respectively, 
for Venus and Mars. 

9 The elements of a standard prototype design for nuclear- 
powered interplanetary vehicles have been derived, which are 
also applicable to cislunar and lunar nuclear-powered spacecraft. 
This design represents the result of a number of different layouts 
attempting to arrive at an optimum compromise between 
various logistics and operational requirements. These, together 
with the Earth-to-Orbit supply vehicles considered, will be pre- 
sented in more detail in the second part of this study. 


1 Introduction 


Beginning this year, instrumented probes swarm into inter- 
planetary space to explore the environmental conditions in the 
vast regions between the planets and in the vicinity of the 
planetary bodies themselves. In carrying out their scientific 
missions, they prepare the way for manned interplanetary ven- 
tures. 

In this paper, the years 1970/1973 are assumed as target period 
for the first manned Venus and Mars flights. By that time con- 
siderable experience will have been gained in the course of 
manned lunar operations (1965-1970), nuclear heat exchanger 
engines will have been developed (1959-1965) and operated in 
space (1965-1970). Long-term orbital flight testing of crews, 
their life support system, and other vital components will have 
been conducted in satellite test facilities (1963-1970) and nu- 
clear energy will have become available in electrical systems for 
many purposes ranging from auxiliary power supply to low- 
thrust nuclear-electric drives. 


2 Primary Objective of First Missions 


The primary objectives of the first manned flights to Venus 
and Mars are proposed to be the following: 

1 To demonstrate the feasibility of manned interplanetary 
operations in terms of human adaptability as well as vehicular 
capability and reliability. 

2 To conduct, from the favorable vantage point of circum- 
planetary orbits, detailed reconnaissance of the planet’s surface 
and its atmosphere as well as of the electromagnetic conditions in 
planetary space. 

These objectives define the first flights to be of the nature of 
planetary reconnaissance missions. The information gained will 
provide the basis for subsequent landings on Mars and for an 
evaluation of the feasibility of landing operations on. Venus. 

The mission plan involves the following steps: 

1 Establishment of a satellite orbit around the target planet. 
The orbital distance will be determined on the basis of the en- 
vironmental conditions in cireumplanetary space as reported by 
probes. For example, Venus may be surrounded by an even 
more intense radiation belt than Earth, because of greater 
proximity to the Sun and of observed evidence of a strong Venus- 
ian magnetic field. Obviously, one would aim for a capture orbit 
either inside or outside of the radiation belt. 

2 Planetary reconnaissance. In the case of Mars, detailed 
surface observation in the infrared, visible, and ultraviolet light 
will be conducted. Planetary reconnaissance will include high- 
resolution pictures and temperature measurements of the entire 
surface, and atmospheric as well as instrumented landing probes, 
some equipped for return to the interplanetary spacecraft. 
In the case of Venus, surface exploration must rely on TV-carry- 
ing landing probes and on radar reconnaissance. The interorbital 
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spacecraft in a high satellite orbit (say, at 10-15 Venus radii dis- 
tance) is not likely by 1970-1973 to attain a resolution of more 
than 40-200 miles. This would be adequate for the determination 
of major surface features of continental or subcontinental dimen- 
sions, mountain ranges, etc. In order to increase the radar 
resolution to the order of several thousand to several hundred 
feet, it is necessary to provide low altitude satellite or a satelloid, 
an auxiliary vehicle, capable of descending into the outer layers 
of the aerodynamically effective atmosphere, thereby approaching 
the surface of Venus to some 60-100 miles [3]. The satelloid 
retains its orbital velocity against low aerodynamic drag by 
means of low-thrust sustainer engines. After a prescribed num- 
ber of revolutions it returns to the interplanetary spacecraft or, 
if nonmanned, is abandoned. ; 

3 Return to Earth after a planetary capture period which is as 
short as possible commensurate with the reconnaissance mission. 


3 Landing Operations 


Mars probably is the most easily accessible planet in the entire 
solar system. Its gravitational attraction is only one third of 
that of Earth, its atmosphere is thin, fluffy due to the low gravi- 
tational force, and calm due to the greater distance from the 
Sun; and it contains no oxygen, thereby greatly facilitating the 
surface material problem for landing craft. Therefore the temp- 
tation will be great to attempt a landing during the first flight. 

There can be no arguments against the many scientific and 
exploratory reasons for a manned landing on Mars which even- 
tually will be undertaken. However, there is no compelling 
reason for making this a requirement for the first mission, except 
possibly a political one. A number of practical considerations 
advise against it: 


1 The number of personnel has to be increased beyond the 
strength required for an interorbital reconnaissance mission. 

2 The payload weight must include at least two landing 
vehicles, each capable of carrying the crew of both back into 
orbit, for safety and rescue reasons. 

3 Because of 1 and 2 the over-all payload will increase 
greatly (at least by a factor of two) over what will be required for 
the interorbital reconnaissance mission. Since in the latter case 
the payload (excluding the scientific payload) is already of the 
order of 100,000 to 150,000 Ib, the ensuing increase in departure 
weight becomes extremely large, unless electrical interorbital 
spacecraft are considered. 

4 If electrical spacecraft alone are~used, very long mission 
periods (periods of absence from the Earth) of the order of 2-3 
years must be accepted, unless the initial acceleration is >10~‘g. 

5 The complexity of the entire operation is greatly increased 
by accompanying landing maneuvers. Since it is very doubtful 
that information from earlier instrumented probes regarding the 
Martian surface is sufficiently detailed, considerable reconnais- 
sance and data processing must be carried out from orbit, before 
a landing place can be selected. This requires probably a few 
months time. The capture period must therefore be extensive, 
and the over-all mission period long, even if no low-thrust elec- 
tric drive is used. 

6 Landing automatically reduces greatly the freedom of 
surveillance offered by operation from orbit. Surface mobility 
of any significance can, on a virgin planet, be attained only by 
air travel, including vertical take-off and landing capability. 

7 A brief local surface exploration probably can be carried 
out much more economically by instrumented and remote-con- 
trolled landing vehicles (optical contact is ascertained most of 
the time in view of the calm transparent Martian atmosphere). 
Manned landings appear worth while only if major portions of the 
planet can be covered while on the surface. 


1 Numbers in brackets designate References at end of paper. 
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8 The capture satellite orbit plane will be fairly close to the 
plane of the ecliptic, that is, will be inclined somewhere between 
20 and 30 degrees with respect to the Martian equator. If the 
preferred first landing sites should be located further north or 
south, it becomes necessary to change the orbital inclination at 
least of a large portion of the payload weight prior to descent. 
This requires additional weight for maneuvering capability. 


In summary, a Mars expedition, involving manned landing 
operations, will require at least twice the already considerable 
payload weight of an interorbital reconnaissance maneuver, it 
will require a proportionally greater weight fraction for safety 
and rescue provisions in view of the much greater complexity of 
the operation, it will require interorbital areocentric maneuvering 
capability and, finally, if the landing is to be worth the effort, 
it will require a much longer mission period. All these require- 
ments are much better satisfied by an electrical spacecraft. 

Practical experience in the field of new developments and ex- 
plorations has shown that attempting to accomplish too much 
during the first try tends to endanger the success of the entire 
endeavor, holding up progress rather than accelerating it. It is 
therefore concluded that landing operations should follow, rather 
than be included in, the first mission to Mars. 


4 Mission Philosophy 


The keystones of the philosophy governing interorbital re- 
connaissance missions are: 


1 Reduction of the number of participating personnel to the 
minimum commensurate with the requirements for vehicle con- 
trol, maintenance, and mission tasks. People are the most ex- 
pensive part of the payload because of their life sustenance, con- 
venience, safety, and rescue requirements. Their most valuable 
contribution to the expedition is their brain activity. Only a 
few bright and well-trained brains are needed for maximum 
efficiency. Many brains do not contribute correspondingly 
more. Many people also do not offer additional safety, but only 
multiply the number of helpless individuals in case of an ac- 
cident. Finally, for sheer weight reasons, a few people can be pro- 
tected more amply than a numerically large crew. With these 
arguments in mind the author has for many years based interor- 
bital flight studies on a crew of at least 8 [4], with nut less than 4 
per vehicle. The study [4] involved a minimum energy mission 
which provides ample time at the target planet for research and 
planetary reconnaissance. As the capture period decreases, the 
size of the crew tends to increase slightly, because more hands are 
needed for completing the planned activities in the available time 
span. Thus for a fast reconnaissance mission to Mars about 12 
persons appear adequate. With increasing complexity of opera- 
tion near the target body (e.g., Venus) the number of crew mem- 
bers must, of course, be increased further. 

2 Reduction of mission period, primarily by cutting down 
the capture period, to the maximum extent possible, consistent 
with the performance capability of the vehicle drive and the 
mission task. With chemical drives, there is little capability of 
reducing the mission period, because of stringent energy limita- 
tions. With nuclear-electric drives, such as the ion or plasma- 
drive, the chances of reducing the mission period are slim—at 
least in the early seventies—because of the very low acceleration 
of the systems then expected to be available. This leaves the 
nuclear heat exchanger drive as the only system which combines 
accelerations 100 to 10,000 times as high as electric drives with 
a specific impulse at least twice that of the best chemical pro- 
pellants. 

For landing manewvers and surface exploration of other celestial 
bodies the number of personnel will have to be increased. This 
is one of the reasons given in section 3 for avoiding planetary 
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landing during the first flight where a fast reconnaissance mission 
is the primary objective. 

By the same token, short transfer periods are of greater impor- 
tance for planetary landing expeditions than brief mission 
periods. 

It is seen that for landing expeditions the philosophy regarding 
the points (1) and (2) is exactly opposite to the philosophy govern- 
ing fast interorbital reconnaissance missions. It is important to 
keep this difference in mind when discussing interplanetary 
operations. 


5 Brief Mission Periods 


In the classical interplanetary flight calculations made by 
Hohmann [5] a cotangential transfer ellipse between two co- 
planar, circular terminal heliocentric orbits was assumed. This 
transfer orbit, which now bears his name, places emphasis on 
minimum energy, rather than short mission periods. In practice 
this orbit cannot be flown exactly, because of the ellipticity and 
mutual inclination of the planet orbits. It can be approximated 
only if, at departure time, the planet stands about in the exten- 
sion of the nodal line of the target planets’ orbit. This occurs 
even much more rarely than a suitable departure constellation 
proper. 

A flight mission via Hohmann transfer ellipses to Mars and 
back involves two transfer periods of about 259 days each and a 
waiting time at Mars (for the correct return constellation) of 
455 days. For Venus the transfer periods are 146 days each, the 
waiting (capture) period is 468 days. The total mission periods 
are therefore about 2.7 and 2 years, respectively. 

There is a great variety of different transfer orbits which can 
be flown between the planets. In an effort to standardize these 
orbits, they have been numbered as indicated in Fig. 1 [6]. 
Mission profile 0 (M.P.0) represents the ideal Hohmann case. 

By flying faster transfer orbits (e.g., M.P.1 or 2), the period 
during which one may leave for another planet becomes less re- 
stricted than with M.P.0. However, as long as the same transfer 
ellipse is used for both legs of the trip, the mission period for 
Venus and Mars expeditions cannot be reduced; in fact it is pro- 
longed slightly, as the transfer ellipses get faster, because the 
waiting time increases faster than the transfer periods decrease. 

A reduction in mission period can be attained only by using 
different transfer orbits to and from the target planet [6, 7]. 
Among the various mission profiles of this type [6], M.P.10 is 
particularly interesting for: Venus and M.P.12 for Mars. These 
two profiles are shown in Figs. 2 and 3, respectively. It is seen 
that the submultiple stay time 7? can be varied greatly. The 
over-all velocity requirement Av, exceeds, of course, that of 
M.P.0. It will be noticed that the values are significantly 
smaller for Venus than for Mars. However, the mission period 7 
is shorter for Mars than for Venus. In both cases significant re- 
ductions below the mission period of M.P.0 are achieved. 
Values for two specific cases of M.P.10 and 12 are presented in 
Tables 1 and 2. These values are based on circular coplanar 
planet orbits. They are, therefore, not exact, but representative. 
In the case of M.P.12, only the return via Rp: = 0.9 A.U. has 
been considered, because it is felt that a closer approach to the 
Sun might unduly compromise the design of the Mars vehicle. 

Reducing the mission period for the first reconnaissance flights 
to Venus and Mars to values between 0.8 and 1.6 years brings 
the following important advantages: 


1 Reduction of the physiological and psychological stress to 
which the crew will be subjected in the course of the mission. 


In distinction from the cyclic stay time between two equal trans- 
fer orbits, which can be varied only in multiples of the synodic 
period of the planets involved. 
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Fig. 1 Interplanetary Keplerian mission profiles 
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Fig. 2 Mission profile 10 for Earth-Venus operation 
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2 Considerable alleviation of the demands to be placed on the 
durability and reliability of vehicle components and equipment. 


3 Reduced crew exposure to radiation of cosmic or solar 
origin. 


6 Propulsion System 


Having established the velocity requirements for fast recon- 
naissance missions to Venus and Mars as being in the range of 
60,000 to 90,000 ft/sec, it becomes necessary to evaluate its effect 
on the mass ratio requirements for the interplanetary vehicles 
This requires an appraisal of the available propulsion systems. 

Fig. 4 illustrates the well-known effect of specific impulse on 
the mass ratio as function of the mission velocity. It is seen that 
for fast missions the mass ratios of chemical vehicles become 
prohibitively large. A number of missions to Venus and Mars are 


specified to orient the reader with respect to the abscissa. Among 


the horizontal lines (A) shows that if the fast mission (5) to Mars 
is to be flown with the same mass ratio as mission (1) with a 
chemical rocket of Isp = 400 sec, the specific impulse of the inter- 
planetary vehicle must be about 890 sec. On the other hand line 
(B) indicates that the fast mission to Venus (3) requires only a 
specific impulse of 550 sec to yield the same mass ratio as the Jsp 
= 400 sec chemical ship would require for mission (2). Solar 
powered heat exchanger drives (using hydrogen) are capable of 
providing a specific impulse of 600-700 sec. Nuclear heat ex- 
changer drives (using H,) will, 10 years from now, yield specific 
impulse values of about 850-950 sec. Thus these two propulsion 
systems provide enough performance increase to absorb the 
energy excess over and above M.P.0, thereby holding the mass 
ratio constant. The respective mass ratios are about 11 and 21. 
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By applying the nuclear heat exchanger drive to the Venus mis- 
sion, the mass ratio is reduced from 21 to about 6. 

From the viewpoint of versatility, maneuverability, and specific 
impulse, the nuclear heat exchanger engine has an advantage over 
the solar heat exchanger engine on the basis of presently available 
facts. 

A significant increase in specific impulse is attainable only on 
the basis of electrical propulsion. Here either charged particles 
are accelerated in an electrostatic field, or a plasma (a partially 
or fully ionized gas, i.e., a mixture of positive and negative par- 
ticles) is accelerated in an electromagnetic field. 

Aside from their individual problem areas, all electrical sys- 
tems so far share the common problem of low efficiency, compared 
to the thermodynamic systems, which, in turn, produces the 
need for getting rid of the not utilized energy which appears 
in the form of heat. The resulting radiator surfaces become very 
large, causing serious problems of weight, reliability, and safety. 
The probability of meteoritic damage increases with radiator 
size and travel time. In order to avoid the long escape periods 
associated with electric drives, a nuclear heated stage should be 
used to boost the interplanetary vehicle out of the Earth’s gravi- 
tational field. This combination will be discussed in a separate 
paper. 

In view of the manifold and costly development requirements 
facing this nation in the missile and spacecraft field alone, it is 
unlikely that within the framework of a balanced research and 
development strategy enough emphasis can be given to the pro- 
pulsion field alone to develop all systems within the time span 
of a decade. Therefore it must be assumed that in the early 
seventies—for which we postulate the first manned interplanetary 
capability—the number and performance of reliably available 
interplanetary propulsion systems will be much smaller than it 
may appear on the basis of present speculation. The nuclear heat 
exchanger system most likely will be one of them, and perhaps the 
arc (thermodynamic or low-intensity plasma) system. These 

' drives would provide us with specific impulse in the range of 
“only” 800 to perhaps 2000 or 3000 sec. As pointed out before, 

+ sie Laebiegielels by merely raising the specific impulse from 400 to 800 sec we 
smhed ieontnine' ; raise our flight capability to interplanetary proportions without 
sdaiee Cake wi having to increase the mass ratio requirement above the level 
ty already achieved in today’s mass production systems. By raising 
the specific impulse to 2000 sec, the mass ratio required for fast 


interplanetary missions drops to values between 2 and 3. 
APHELION DISTANCE Ry, = Ry. (A.U.) 


TIME (DAYS) 


300 N.MI. (DEP) 


+ 
+ 


—-R,=08 


3In this connection the arc-thermodynamic system must be re- 
Fig. 3 Mission profile 12 for Earth-Mars operation garded as electric system. 


Table 1 Fast reconnaissance mission to Venus mission profile 10 (/max = 1.3 A.U.; Rmin = RQ) 
Maneuver 4 Total 
Phase Arr. Mission value 
Avia (ft/sec) 
Av (ft/sec) 
Period (days) 


Isp.th = 900 sec; Isp/Isp.th = 0.933; Isp = 830 sec 
2.214 1.554 1.39 | 8. 
2.28 1.626 1.51 1.887 10.6 


Table 2 Fast reconnaissance mission to Mars mission profile 12 (Rinax = Ri Rmin = 0.9 AU.) 
Maneuver 1 2 3 Total 
Phase lv. 8 Arr. Lv.d' Mission value 
Avia (ft/sec) 13,390 20, 260 24,400 79,320 
Av (ft/sec) 14,000 22,000 26, 000 7 85,000 
Period (days) 138 34 : 347.2 


Tap.th = 900 sec; Tap/Tsp.th = 0.933; lun = 830 sec 
1.649 2.034 


2.495 2.216 18.5 
Be 1.69 2.28 2.648 2.248 22.9 
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S = Surface; SO = Satellite Orbit 


Mission profile O (T = 2.66 years) 
Earth (SO) — Mars (SO) — Earth (SO) 


Mission profile O (T =2 years) 
Earth (SO)—Venus (SO) —Earth (SO) 


Mission profile 10 (T = 541 days) 
Earth (SO)—Venus (SO)—Earth (SO) 


Mission profile O (T = 2.66 years) 
Earth (S) —Mars (SO) — Earth (SO) 


Mission profile 12 (T = 347 days) 
Earth (SO) — Mars (SO) — Earth (SO) 


Mission profile 12 (T = 347 days) 
Earth (S) — Mars (SO) — Earth (SO) 


IDEAL VELOCITY OF MISSION (103 FT/SEC) 


Fig. 4 Effect of specific impulse on different missions to Venus and Mars 


7 Ecological Payload for Interplanetary Missions 


The life support system (LSS) can be divided into two basic 
parts, the ecological system‘ and the supporting system. 

The ecological system (or ecological payload) contains the 
direct life-sustaining items, food, water, oxygen, absorber sys- 
tems (odor, water) and the related mechanical systems required 
to contain and operate these itéms. The supporting system com- 
prises the hull of the living space, furniture, and other internal 
equipment or installations, air locks, astrodomes, space suits, and 
taxicapsules, that is, small maneuverable 1-man capsules for 
commuting between interorbital spacecraft which may be sepa- 
rated by distances up to a few miles. 

Food, oxygen, and water requirements, as well as odor and 
water absorption have been studied for a long time (cf. references 
{8-13]). The three basic cycles are the air cycle, water cycle, and 
waste cycle. 

If the air cycle uses stored oxygen and a chemical CO, ab- 
sorber, the system is designated as O.-storage system; or as 
algae system if algae are used for O,-regeneration from CO». 

The drinking water cycle can be closed with the possible excep- 
tion of the water content of the feces (Table 3). If the latter is 
not recovered, a supply of 0.33 lb/man-day must be carried, in 


“Ecology = that division of biology which treats the relations be- 
tween organisms and their environment. 
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addition to the 5.5 lb/man required and recycle on a daily basis. 

Closing the waste cycle would require to feed waste to the algae 
and use algae as food. Although, using algae in various forms as 
food appears definitely possible (see e.g., reference [14],) it ap- 
pears not desirable or necessary to do this for relatively short in- 
terplanetary expeditions, in view of the fact that the weight of 
solid food (3 lb/man-day) is not yet prohibitive, compared to the 
total LSS weight and that the provision of specially selected 
food (for taste as well as low residue diet) will considerably add 
to the comfort, hence, the morale and efficiency of the crew. 
The alga chlorella is said to respond readily to variations in 
culture conditions. It was possible in experiments at the Depart- 
ment of Plant Biology of the Carnegie Institution of Washington 
to vary the protein content of the dry algae between 7 and 88 per 
cent, the carbohydrate §-38 per cent and the content of true fat 
1 to 75 per cent [14]. Therefore the value of the algae system as a 
potential food supply system must be considered seriously for emer- 
gency purposes. 

Of particular significance is the leakage problem, since it has 
great consequences in terms of the gas weight which must be car- 
ried along. It can be shown that replacement of air by O.-He 
actually reduces the weight loss due to leakage. The results and 
assumptions for the weight allowance due to leakage are summa- 
rized in Table 4. 


In determining the size of the crew it must be remembered that 
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Table 3 Ecological gas storage system 


Production 


Quantity per person 
Item and day 


Absortion———— 


Item 


Quantity 


per lb o 
production 
item 


Lithium hydrox- 
ide 1.35 lb 
agnesium per- 
chlorate ai 2-3 lb 


Activated carbon 
Water refrigera- 
tion system 


depending on food 

12,000 Btu 

(moderately active 
person ) 


Table 4 Summary of results for gas leakage allowance in life support 
system 


Cabin pressure 

Gas composition 
Specific wt. of gas (5.5 
Ratio of specific heats 
Sound velocity 
Assumed leakage area 
Daily gas loss 


92.4% Oz 786% 


1,330 
2.107? in? = 1.275 mm 
18.3 lb 


ia, 32 F) 
32 F) 


man is a part of the over-all system with very special functions. 
His primary contribution is judgment, resourcefulness, memory, 
and perseverence, all mental qualities. His physical contributions 
are negligible. The useful human payload is therefore the brain, 
about 2.5 per cent of his body weight which necessarily must 
accompany the brain as far as we know now. By the same token 
an unproportionately large mechanical weight must be carried 
along to serve the sustenance, comfort, protection, and safety of 
the body, namely, the entire life support system and increased 
weight caused by the design philosophy of redundancy, fail 
safety equipment, and rescue equipment. With an initial LSS 
payload of at Jeast some 10,000 lb per man and the average weight 
of the human brain of 3 lb the ratio of useful to gross weight per 
man is less than 1/3999. Under these conditions one must obviously 
utilize to the utmost each brain sent on the mission, while keeping 
the number of persons at the minimum consistent with the 
mission as long as weight is a critical commodity. It is more im- 
portant to provide a few persons with ample comfort, safety, and 
rescue provisions than involve a large crew which, for reasons of 
weight alone, could not be protected equally well [4]. Modern 
equipment and automation take over a great deal of man’s 
physical function in modern aircraft. The same will be true to 
an even larger extent in tomorrow’s spacecraft. 

On the other hand the crew must be large enough to maintain 
a 3-phase cycle as proposed by H. Strughold, namely, 8-hr work, 
8-hr rest, 8-hr play. Assuming at least two persons per phase 
results in a minimum crew of 6 for an isolated ship. Adding a 
“reserve” capability of one phase yields 8 persons. If several 
vehicles are involved in a mission, as will most certainly be the 
case where propulsion systems yielding Isp < 2,000 see are used, 
it appears that the crew can be distributed among the ships in 
smaller units, however, not less than 4 persons, provided crew 
members have means of min among their vehicles for 
mutual assistance. 

Based on the preceding discussion, the ecological payload for a 
crew of 8 is detailed in Table 5 for an O.-storage system and an al- 
gae system. It is seen that, for the mission periods involved, the 
algae system is distinctly superior on the weight basis (and would 
be, even if considerably higher weights were assumed for the 
separate algae power supply). The main reason for the weight 
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difference are items 1.4 and 1.5 which represent a weight incre- 
ment of 7.7 lb/p-d, or about 62 Ib/d for 8 persons. The price to be 
paid for using the algae system consists essentially of the addi- 
tional weight of this system, found to be about 5300 lb for 8 per- 
sons. Dividing 5300 lb by 62 lb/d shows that the two systems 
should break even at about 90 days, or three months. Thus on 
the weight basis, for cislunar operations the O.-storage system is 
preferable, while the algae system is preferred for interplanetary 
flight. This gives us about 10 years to develop a good trans- 
portable algae system. The specific values pertaining to the 
ecological system using algae are therefore: 


Expended items 43.33 lb/p-d (based on 1.1, 1.2, 
1.6) 

(based on conditions 
‘of Table 4) 

(based on 1.6, 1.7, 
1.8, 1.9, 1.10, and 


1.12) 


Leakage losses 18.3 lb/d—10-4in? 


Nonexpended items ~900 lb/p 


The weights, more likely than not, are on the conservative side. 
A person can exist on 1.5 lb of food per day or less, if necessary. 
But this would not be consistent with the requirement for com- 
fort. The algae system may, 10 years from now, be of less 
weight. 


8 Supporting System and Space Radiation Protection 


These weights do not include that part of the LSS which at 
the beginning of the preceding section was designated as support- 
ing system. In considering the living space, the following phi- 
losophy was adopted: 


1 Ample space should be provided. The possibility of pri- 
vacy in general and of getting out of each other’s way temporarily 
will greatly contribute to the stability and morale of the crew. 

2 The space should be divided into subunits which are self- 
sustaining in case of damage. Thus in case of a leakage not the 
entire LSS space is endangered. 

3 The most important subunit is the emergency LSS. It is 
an entirely self-sustaining unit, containing the control room, com- 
munication center, and most of the emergency equipment. It is 
entirely shielded and therefore serves as “electromagnetic storm 
cellar’ as the ship passes through regions of sufficiently intense 
corpuscular radiation to warrant shielding. 

4 All of the LSS, except for the emergency LSS, is jetti- 
sonable to lighten the load during the return maneuver into the 
Earth’s g-field. 

5 The shape of the individual subunit is cylindrical, in order 
to facilitate radiation shielding from quasi-point sources such as 
a nuclear reactor, and in order to facilitate transport into the 
assembly orbit atop a surface-launched vehicle. 

The greatest uncertainty in the weight determination of the 
supporting system is the shielding weight requirement against 
environmental space radiation, because very little is known as 
yet about the intensity, nature, and distribution of radiation 
fields in space, especially interplanetary space. The discussion of 
radiation shielding is presented in reference [1]. 

The supporting system portion of the LSS consists of 5 sub- 
units for a crew of 8. Four are designated as standard subunits, 
the fifth as emergency LSS (Fig. 5). A weight break-down of 
the supporting systems of the LSS is presented in Table 6. It 
shows an average weight of about 7000 lb per person. Of the total 
of 56,500 Ib, the emergency LSS with crew weighs 20,000 lb or 
about 35 per cent. The low installation weights represent a pro- 
jection of the state of the art 10 years from now, using plastics 
and considering the low g-loads involved during the mission. 

The particular distribution of the terrestrial radiation belt 
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CO; <3.5 Ib 
H,0 5.5 lb 
Urine ~3.3 
Sweat 1.1 
Lungs 0.77 
Feces 0.33 
Organic 
vapor 2 
Heat 


Table 5 Ecological payload 
(p = person; d=day) 
1 O,-Storage System 
| Specific Data 
Expended Items lb/p-d | Ib/d lb/p 
3 


Food 
Odor absorber (act. carbon) 1 
Leakage replacement (O2 & He separately 18.3 
stored) 
Breathing oxygen 
CO;-absorber (LiOH) 
Total Expended Items 
Partly Expended Items 
1.6 Drinking water 
Nonexpended Items 
1.7. Moisture absorber (M¢(ClO,).) (doubled 
for regeneration) 
Cleaning water (45% added) 
Water distiller 
-10 Absorber system (mech. pts.) 
1.11 Contingencies 
III Tetal Nonexpended Items 


2 
Ecological Payload (O,-storage) = I + II + III 8 1,151 
2 Algae System 
1.1+1.24+1.3 552.5 
1 


20, 
6 1, : 26 
= 1.7 1.11 2, 11.7 
5, 680 
29 


IV = 1.12 Algae System 85 680 
Ecological Payload (Algae system) =I + II + III 1,355.2 
Packaging Weight for Ecological Payload (Algae System) , 


Wt. of item to be enclosed | Wt. of enclosure 

Mars Venus Mars Venus 
O-rcontainer (3% of O.-weight) 6,700 10,150 210 
He container (17% of He-weight) 600 | 850 100 
Food enclosure (1% of food weight) 9,600 14,400 100 
Other & contingencies 490 


V_ Total Packaging weight (lb) | 900 


Total Ecological Payload (Algae Syst) = I + II + III +IV+V ~30,200 ~41,000 


appears to leave openings above the northern and southern mag- 
netic pole. An obvious thought is to use these holes as ‘escape 
hatches.’”’ However, this would solve only the problem of de- 
parture and greatly handicap the maneuverability of the space 
ship in the vicinity of another planet or upon return to Earth. 
The propellant cost of orbit changes of the returning space ship 
to descend back to the vicinity of Earth through the escape hatch 
most likely will at least offset any savings in shielding weight, to 
say nothing of the additional cost of maneuvering near the 
target planet. Furthermore, if for any reason, the spacecraft 
drifts into a radiation belt, the crew will almost certainly be 

_ killed. Such condition is unacceptable on the basis of any realistic 
safety standard. 


§ Prototype Layouts of Fast Venus and Mars Vehicles senna 


On the basis of the LSS payload variation during the mission, it 1 & i: Room (E-1) emergency equipment & 
as presented in Tables 7 to 9, and the performance data in Tables (2), (3) private rooms AOE 
1 and 2, a weight summary is shown in Tables 10-12, on the basis wikhee 
of LSS payload only, for the case of an 8-person Venus flagship ia aa (E-3) galley 
and two Mars flagships for 8 and 4 persons, respectively. The Room (1 
resulting prototype configurations are shown in Fig. 6. The gym & game 
vehicles start from a 300 n.mi. orbit. In order to pass the Van eet 
Allen belt quickly and in order to restrict the gravitational losses RUN an 
during the departure maneuver, a powerful booster thrust is‘re- 
quired. In an effort to standardize parts as much as possible, the (4) equipment & storage 
same booster engine has been assumed for all three cases. The Fig. 5 Life support system subunits 


(E-2) control and communication 
center 


(E-4), (E-5) sleeping rooms 
(E-6) bath and storage room 
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Table 6 Weight break-down of emergency of ecological weight and of 


supporting systems of life support system 


Emergency Life Support System 
Food (15 d) 
Odor absorber 120 
H.0O vapor absorber 80 
Gas leakage 150 
Oxygen 360 
Drinking water 80 
Cleaning water 300 
CO: absorber 600 
Water dist.apparatus 350 
Absorberequipment 1,000 
Emergency Ecol. Wt. 3,300 Ib 
Diameter of Em.LSS container 
Length of cylindrical section 
Circumference 
Surface area of cylinder . 
Surface of hemispherical ends 
Total surface of container 
Volume of container 
Weight of 0.2 in copper hull 
Installations 
Equipment 

Crew of 8 (@ 300 Ib/person) 

Standard Subunit (expendable) 
Diameter of container 
Length of cylindrical section 
Circumference 

Surface area of cylinder 

Surface area of hemispherical 
ends 

Total surface of container 

Volume of container 

Weight of 0.5 in thick hull 

(fiberglas & plastics @ 92 Ib/ft*) 


Installations (0.3 lb/ft® av.) 
Individual subunit, equipped 
4 subunits 
4 connections to emergency LSS (@400 Ib) 
2 telephoto companion capsules (@500 lb) 
Nuclear electrical power supply 
Emergency power supply outside ae rage LSS 
Additional cleaning water (4 X 300 lb) 
Contingencies 
Total of 4 standard subunits 22,000 22,1 
8 taxicapsules (full) 14, 400 
1 taxicapsule (empty) 1,000 lb 
propellant per capsule 
Total Supporting System of LSS (Mars ship) 56,500 Ib 
For the Venus ship 10,000 lb additional copper shielding is 
added. Thus the total weight becomes 66,500 tb. 


17,600 
360 lb 
1,150 lb 
— 
ecol. yloa 
Table 5) 


1,700 ft? 


resulting initial acceleration varies between 0.5 and 0.293 g. The 
booster engine is too powerful for the subsequent maneuvers and, 
therefore, is jettisoned, together with the booster tanks, following 
attainment of the required hyperbolic departure velocity. It 
appears possible to reduce the thrust of a nuclear engine to a small 
fraction of the design value, thus, using the booster engine again 
during the later maneuver. However, it would be rather in- 
efficient to carry the heavy high-thrust engine through the various 
propulsion maneuvers utilizing only a small fraction of its power. 
By jettisoning, the crew enjoys the advantage of a relatively 
“clean” vehicle during the outward bound leg of the flight.6 The 
engine used subsequently is small enough so that adequate pro- 
tection can easily be afforded and radiation danger to personnel 
and sensitive equipment is avoided. This case can easily be 
verified on the basis of information which is presently available, 


5 The booster tanks, representing the most irradiated, hence, 
secondary radiation emitting, part of the structure, will be dropped 
in any case. The gamma activation of the residual hydrogen will be 
small, since most radiation is absorbed by the booster hydrogen. 
Thus only a small, if any, amount of radioactivity will remain follow- 
ing the jettisoning of the booster section. 
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Table 7 Characteristic LSS payload variation during Venus mission 
(Mission profile 10, 8 persons, 541 days) 


LSS Payload at Lv. Earth 

Standard (expendable) LSS 

Emergency LSS and crew 

8 taxicapsules (full) 

Ecological payload outside emer- 
gency LSS (41,000-1,150 
(Table 6)) 

Min. expended ma- 
terial (541 d) 29,000 
Reserve expendable 
material 
Nonexpended ma- 
terial 9,000 
Total initial LSS payload Wiss 
Material consumed until Arr. Venus 
Ecological payload 
(294.9 /541.2) 29,000 15,800 
Taxicapsule propellant 
(8.200) 1,600 
Material consumed until Lv. Venus 
Ecological payload 
(23.7 /541.2) 29,000 
Taxicapsule propellant 
(8 X 400) 


22,000 lb 
30,000 
14,400 


39, 850 


106, 250 Ib 
= 17,400 lb 


1,250 


3,200 
Material consumed or jettisoned upon Arr, Earth 
Ecological payload 
(222.6/541.2) 29,000 11,950 
10,850 


Ecol. payload (nonexp. 
& reserve) 

22,000) Wiss = 54,400 Ib 

1,600 


\ = 4,450 Ib 


Expendable LSS 

Taxicapsule propellant 
(8 X 200) 

(jetti- 


soned ) 8,000 
Residual LSS payload during last power maneuver: 30,000 Ib 


Table 8 Characteristic LSS payload variation during Mars mission 
(Mission profile 12, 8 persons, 347 days) 


LSS Payload at Lv. Earth 
Standard (expendable) LSS 
Emergency LSS and crew 
8 taxicapsules (full) 
Ecological payload outside 
emergency LSS (30,200— 
1,150 (Table 6)) 
Min. expendable material 
(347d) 

Reserve expended material 
Nonexpended material 
Total initial LSS payload Wiss 

Material consumed _ Arr. Mars (At = 134d) 
Ecological payload (134/347)18,500 = 
Taxicapsule propellant (8 X 200) = 1,600 AW iss = 9,000 Ib 
cological payload (34/347)18,500 = 1, \ pee 
Taxicapsule propellant (8 X 400) = 3,200 AWiss = 5,000 lb 
Material consumed or jettisoned upon Arr. Earth (At = 175.2d) 
Ecological payload 
(175.2/347) 9,270 
(nonexp. 
reserve 10, 
Expendable LSS 22/000 ( 4W1ss = 51,470 Ib 
Taxicapsule propellant 1,600 
Taxicapsiles = §8,000 
Residual LSS payload during last power maneuver: 20,000 Ib 


22,000 lb 
20,000 
14,400 


29,070 


18,500 
1,600 
8,970 . 
85,470 Ib 


but classified. In jettisoning the booster tanks and engine, the 
reactor is allowed to melt down, since attempts to retrieve this 
section would be impractical, the parts having high hyperbolic 
velocity. 

The booster is mounted underneath the interplanetary vehicle. 
The christmas tree principle is applied to the design of the inter- 
planetary vehicle proper. The tanks containing the hydrogen for 
the capture and escape maneuver near the target planet are 
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3,300 Ib 
10 ft 
22 
31.4 
690 ft? 
314 ft? 
1,000 ft? 
2) 245 
9,500 Ib 
2° 600 
2° 200 
2,400 
10 ft 
15 
31.4 
471 ft? 
314 ft? 
785 ft? 
3,000 Ib 


~ FEET 


HEIGHT 
fas 
>, 
O 


MARS 
(8 PERSONS) 


Table 9 Characteristic LSS payload variation during Mars mission 
(Mission profile 12, 4 persons, 347 days) 
LSS Payload at Ly. Earth / 


Standard (expendable) LSS 11,000 
Emergency LSS and crew 20,000 
4 taxicapsules (full) 72,000 
Ecological payload 20,000 


Total initial LSS payload Wiss 58,200 
Material consumed until Arr. Mors (At = 134d) 

Ecological payload 3,700 

Taxicapsule propellant 800 
— — ed ae Mars (At = 34d) 

Ecological payloa 

Taxicapsule propellant 1,600 AWiss = 2,500 Ib 
Material consumed or jettisoned upon Arr. Earth (At = 175.2d) 


AWiss = 4,500 lb 


Ecological payload 4,635 
Ecological payload (nonexp. & 
reserve) 10,600) AWiss = 31,035 lb 
and propellant 4,800 
Expendable LSS 11,000 


* Contains reserve for crew of sister ship (4 persons) in case 
of emergency. 


arranged around a central stem from which they can easily be 
separated after they are emptied. Since the tank material will 
be the source of activated radiation and the major source of 
gamma and beta radiation after reactor shut-down, they will be 
jettisoned promptly. The thrust load is taken by the stem, at 
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(4 PERSONS) 
Fig. 6 Prototype configurations of fast manned reconnaissance vehicles to Venus and Mars 


MARS VENUS 


(8 PERSONS) 


Table 10 Weight summary of Venus flagship* 
(Mission profile 10, 8 persons, 541 days) 


Maneuver «1 2 3 4 
Phase Lv. 8 Arr. 9 Lv. Arr. ® 
LSS payload weight 

(Ib) 106,250 88,850 84,400 30,000 
Hydrogen by 5) (Ib) 672,600 177,000 82,000 43,000 
Gross weight 1,200,000 433,000 242,000 91,000 
Final weight ae) 527,400 266,000 160,400 ‘ 
Thrust (lb) 600,000 10,000 10,000 10,000 
Reactor power output 

(Mw) (9 = 0.85) 10, 200 170 170 170 


*A detailed break-down of the structural and propulsion sys- 
tem weight cannot be provided in this unclassified paper. 


the rear end of which a small nuclear engine is mounted. This 
arrangement permits the most effective shadow shielding of the 
stem during the various power maneuvers.® Following the target 
planet capture maneuver, the propellant tanks for the subsequent 
maneuvers are progressively farther removed from the reactor. In 
this manner tank irradiation and heating following reactor 
shutdown is minimized. Each tank or tank system for a given 
maneuver contains an excess of 10 to 20 per cent, of which about 
2 per cent is allowance for reactor cooling following shutdown. 


6 Only the four main maneuvers near Earth and target planet are 
considered. For corrective maneuvers chemical thrust is provided. 
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FLAGSHIP 


(4 PERSONS) 


14’* SPHERE 


. 
4 


(3) 
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{2 
(3) 30° 


-600,000 LBS 


F 

10,000 MW. 

LEAVE EARTH 

Fig. 7 Variation of flagship 


Table 11 Weight summary of Mars flagship’ ° 

(Mission profile 12, 8 persons, 347 days) 

Maneuver 2 3 


76,470 71,470 


605, 000 
1,080,000 
475,000 
"600,000 10,000 


Gross weight (Ib) 

Final weight (lb) 

Thrust (lb) 

Reactor power out- 
put (Mw) (9 = 
0.85) 10, 200 170 


“A detailed break-down of the structural and propulsion sys- 
tem weight cannot be provided in this unclassified paper. 


050, 000 


In order to be able to jettison promptly the tanks just emptied, 
the cooling fluid is taken from the tank (or one of the tanks) for 
the next maneuver. An average of 5 per cent for the Mars trip 
and 10 per cent for Venus is allowed for evaporation losses and 
the rest is reserve. The tank for the arrival-Earth maneuver 
near Earth is again centrally located and not jettisonable. It 
provides additional shielding for the crew; but, more im- 
portantly, it is farthest away from the reactor. If, prior to the 
final maneuver, emergencies should require that crew members 
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N—_LIFE SUPPORT SYSTEM 


47.000 
H, 


512,000 
LBS H, 


ff 10,000 LBS 
E=|170 MW. 


ARRIVE 
‘MARS 


LEAVE 
MARS 


configuration during mission 


Table 12 Weight summary of individual Mars flagship* 
(Mission profile 12, 347 days, 4 persons) 


Payload weight (Ib) 
Hydrogen weight (lb) 
Gross weight his 
Final weight ib) 
Thrust (lb) 
Reactor power output 
(Mw) (n = 0.85) 10,200 170 
2A detailed break-down of the structural and propulsion sys- 
tem weight cannot be provided in this unclassified paper. 


work near the tank, the exposure effect is minimized, by the 
distance of the tank at which now most of the final connections, 
valves, and control instruments are located. The reactor itself 
and the structure will have ‘‘cooled down’’ considerably since the 
escape maneuver from the target planet. This arrangement, 
therefore, is to be quite functional within the framework of 
presently available facts. 

The stem, being approximately 6 ft in diameter, serves as con- 
duit for pipelines, cables, and instruments. Their concentration 
around the centerline enhances the effectiveness of shadow shield- 
ing for a given weight of shielding material, and their location 
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| 
| KD 221,000 | 
LBS H, 
460’ = (3) 20’° re 
IK | 
ARTH 
Arr. 
LSS (payload) 
weight (lb) 85,470 000 
(lb) 261,000 47,000 
419,000 85,000 
158,000 38,000 
10,000 10,000 
170 170 


Payload 


Table 13 Example of scientific payload for Mars reconnaissance 


Purpose 


Weight, 
Ib 


Basic load 
Telephoto compan- 
ion capsules (2) 


Instrumented satel- 
lites (2) 


Balloon entry bodies 


Nonrecoverable 
Mars landing 
probes (8) 


Recoverable Mars 
landing probes (5) | 


Radiation counters, meteor 
search radar, special com- 
puters, etc. 

Outside surveillance of space- 
ship during interplanetary 
coast period 

To be released into different 
Martian satellite orbits than 
main vehicles for complete 
detailed surface mapping 
of Mars 

Heat resistant rubber-metal 
skin He-inflated baloons de- 
scending from entry orbit to 
a low-altitude equilibrium 
orbit, equipped with bea- 
con, for subsequent wind 
measurements in lower Mar- 
tian atmosphere 

Surface consistency, tempera- 
ture, humidity, winds, soil 
analysis, telephotos, listen-: 
ing for sounds 

Automatic vehicles to descend 
to surface and, on command, 
return to main vehicles in 
orbit. For obtaining soil 
and air samples at different 
latitudes 


8000 


1000 


40,000 


Total scientific payload weight 


| 


(Ib} 


| 57,000 


Table 14 Example of scientific payload for Venus reconnaissance 


mission 
| | Weight, 
Payload Purpose Ib 
Manned radar recon- | To descend from high-altitude! 164,000 
naissance satellite / (50,000 n.mi.) capture orbit 
satelloid (1) of main vehicles outside pre- 
sumed Venus radiation belt 
to the outer fringes of the 
Venus atmosphere for de- 
tailed surface recon. and 
subsequent return to main 
| vehicles 
Instrumented radar | Same purpose as above, butin | 44,000 
recon. satellite /sa- different orbits 
telloid vehicles (2 
@ 22,000 lb at 
4000 Ib start payload) 
Low-altitude instru- Various environmental meas- | 19,000 
mented satellites urements at low satellite al- 
(2 @ 2000 Ib/pay- tudes (500-5000 n.mi.) 
oad ) 
Atmospheric entry | Atmospheric measurements | 25,000 
probes (2 @ 5001b/ and surface photography 
payload) 
Several smaller satel- | Exploration of Venus radiation! 15,000 
lites at higher alti- belt (if one was indicated by 
tudes earlier Venus probes) 
10,000 el. kw power | Large-scale radar surface map-| 50,000 
plant and asso- ping from main ships in 
ciated radar equip- high altitude orbit 
ment 


| Total scientific payload (lb) 317,000 


inside the conduit provides mechanical protection from meteoritic 
material as well as allows some temperature control. In view of 
the diameter, the interior of the stem is accessible for repair 
work. The conduit is divided into sections which can individually 
be pressurized to allow extended repair work to be carried out more 
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conveniently without helmet and inflated pressure suit. 
stem is the spine of the spacecraft in a real sense. 

The “head” is the life support system (LSS). The emergency 
LSS is located in the center. Cylindrical enclosures, serving as 
general (jettisonable) life support system surround or flank the 
emergency LSS. Airlocks connect all parts of the LSS. Prior to 
the recapture maneuver near Earth, the LSS is reduced to the 
shielded emergency section as indicated in Fig. 7. 

The entire LSS is isolated, design-wise, from the rest of the 
ship, save for some umbilical cords, so that it can be separated 
from the ship as an emergency measure (e.g., failure of the reactor 
control system) or further removed from vehicle structure and 
reactor either by a telescope boom, or by cable. The entire 
vehicle is expected to rotate slowly during most of the transfer 
period about an axis normal to the longitudinal axis, to provide 
centrifugal weight for the convenience of the crew and for a 
number of technical reasons. 


10 Scientific Payload of Venus and Mars 
Reconnaissance Ships 


The scientific payload weight depends on the particular condi- 
tions offered by the target planet. In the case of Mars this weight 
has been found to be approximately 57,000 lb (Table 13), while for 
Venus, considerably heavier payloads were found to be needed, 
namely, about 320,000 lb (Table 14). A detailed discussion of 
the scientific use of these payloads is presented in reference [1]. 
The important conclusion from the system’s point of view is that 
the scientific payload weights, though large, are not necessarily 
overwhelmingly larger thar the life support systems weight. 
The over-all payload weight should be distributed among several 
ships, all of which should be nuclear powered. 
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Part Il: 


Introduction 


HIs is the second of a series of papers investigating 

various aspects of fast manned reconnaissance missions to the 

_ planets Venus and Mars. In the first part (Ref. [1])! the mission 

philosophy and life support requirements for the scientific recon- 

naissance of Venus and Mars were discussed and a prototype de- 

sign layout of a standardized interplanetary nuclear-powered 
vehicle derived. 

Before further detailing design and missions, a number of com- 
mon problems must be studied. The purpose of this paper is to 
deal with the subject of the storage of hydrogen which is required 
in considerable quantities for vehicles of this type, as was pointed 
out in the tables presented in Ref. [1]. It is intended in this 
report to deal with this problem area in a conceptual manner, 
pointing out a particularly attractive approach or combination of 
approaches, A detailed evaluation must be left to authors who 
may apply them to their particular project. One such evaluation 
is intended to be presented in a later paper for the vehicle type 
derived in Part I of this study. 

The essential result of the study presented here is that long- 
term storage of hydrogen in quantities and for time periods as re- 
quired for fast interplanetary missions with nuclear-powered 
vehicles with a specific impulse of 800 to 900 sec is a fairly straight- 
forward engineering problem. In fact, the problem lends itself 
to several solutions whose relative attractiveness depends on 
special mission conditions. One of the most potent means of as- 
suming long-term storage at virtually no losses at all is the com- 
bination of reflector shielding and a spaceborne hydrogen lique- 


1 Numbers in brackets designate References at end of paper. 
Contributed by the Aviation Division of Tae American Socrety 
or MECHANICAL ENGINEERS. Manuscript received at ASME Head- 


A Systems Analysis of Fast Manned Flights 
to Venus and Mars 


Storage of Liquid and Solid Hydrogen 
on Nuclear-Powered Interplanetary Vehicles 


faction unit. The author wishes to express his appreciation to 
Dr. S. F. Malaker for the stimulating discussions on mobile hy- 
drogen liquefaction units and for his permission to use data on 
such a unit as presented by him and his associates in Ref. [17]. 


Principles of Cryogenic Storage in Space 


Interplanetary vehicles powered by nuclear heat exchanger 
engines contain large quantities of liquid hydrogen which must 
be stored over a comparatively long time interval (months). 
Fortunately, the environmental conditions in space are favorable 
for storage of liquid hydrogen and other cryogenic fluids. Two 
obvious means have been pointed out in Refs. [2, 3, and 4], 
namely, reflector shielding against solar radiation and attitude 
control designed to expose a minimum area to solar irradiation. 
The computation of losses, carried out for interplanetary missions 
as well as lunar transfer and storage, shows clearly that cryogenics 
are much better storables in space, or even on the surface of an 
airless body, than on earth. Meanwhile, detailed studies have 
been carried out (Ref. [5 through 11]) on aspects of cryogenic 
storage which verify this fact. The Ref. [11] study is particu- 
larly detailed, taking earth radiation, varying distance from the 
sun, radiation from the target planet, and vehicular heat sources 
(engines, electrical equipment, life support system) into account. 
The report considers a compact arrangement of vehicular heat 
sources as it applies to chemical rather than nuclear vehicles. 

A broad study of the problem of cryogenic storage in space in- 
dicates four principal approaches: 


1 Attitude control. 
2 Reflector shielding. 
3 Freezing (static heat sink method). 


4 Refrigeration (dynamic heat sink method). 4" “our meth- 


quarters, August 22,1960. This paper was not preprinted. ods will be discussed subsequently. 
A = area, ft? w, = w, = (dw/dt), = daily fluid ce = conduction 
a = albedo , weight lost by evaporation, lb/ = ¢ = emitted radiation 
day i = inside of a foil (facing the next in- 
g = gravitational acceleration, 32.2 z = ratio, a/e ner foil) 
ft/sec? a = absorptivity ineid adiati A 
I = radiation intensity, Btu/ft*hr 6 = distance between foils in multi- a ra radiation (Appendix 
Q = heat, Btu or cal foil reflection shield _ y) ae ‘ 
Q, = heat of evaporation, Btu/lb or € = emissivity o = outside of a foil (side facing the 
cal/g-mole p = density, slug/ft* next outer foil) 
q = heat flux rate, Btu/hr p = reflectivity pl = planet 
R = distance from sun, A.U. o = Stephan-Boltzmann constant, + = reflected radiation 
T= ie temperature, deg R or 4 13 X 10-" Btu/ftthr deg =, _ visible surface of emitting or absorb- 
i te 
V = volume of tank or hydrogen, ft* 
W = weight, lb Subscripts w = wall or skin of tank 
Wa, = initial hydrogen weight, lb a = absorbed radiation © = referring to the sun 
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Attitude Control 


The attitude control method is the most obvious way of utilizing 
the fact that in space heat can be transferred only by radiation. 
Therefore, by minimizing the radiation-exposed surface of the 
cryogenic container, the heat input is minimized. The method is 
simple, direct, and inexpensive in terms of weight, given favorable 
vehicle geometry and a good attitude control system. This must 
be provided anyway, since spacecraft generally must have restart 
capability and the capability of midcourse correction on more ex- 
tended flights. Attitude contol can be used as a general means of 
temperature control in space, as has long been recognized (Ref. [12 
through 15]). For storage of cryogenic fluids, especially liquid hy- 
drogen, however, stringent temperature control is necessary, unless 
the flight is brief enough to keep evaporatien in acceptable limits. 
The principal shortcoming of the attitude control method is its 
inability to cope with the fact that there is often more than one 
outside radiative heat source in space. The vehicle cannot be 
attitude-controlled simultaneously with respect to all outside 
heat sources. In practice, the vehicle would have to be attitude- 
controlled with respect to the strongest heat source, the sun (in 
the inner solar system), leaving its tanks exposed to secondary 
radiation sources such as the celestial departure body or target 
body. Attitude control alone, therefore, is rarely adequate. 
Moreover, it may in certain cases even conflict with other equally 
important requirements, such as tumbling of manned space ships, 
to maintain some centrifugal weight for the crew during the 
months of long interplanetary cruise. In practice, it is therefore 
necessary to combine attitude control with one of the alternate 
methods, for example, with reflection shielding. 


Reflector Shielding 


Temperature control by reflection can be applied in three 
ways: 

1 High-albedo surface. 

2 Multilayer reflector shield. 

3 Shadow reflector shield. 


High albedo of the tank walls reduces significantly the heat 
input to the cryogenic fluid by keeping the equilibrium tempera- 
ture of the skin low. Alternately, assuming that the skin temper- 
ature of the fluid (e.g., —423 deg F for H,), the heat flux density 
per unit area of the surface which is exposed to the heat source is 


where a, and €, are the. absorption and emission coefficient. re- 
spectively, of the tank wall, 7,, is the temperature of the wall, ¢ 
the Stephan-Boltzmann constant, and J the radiation intensity 
of the heat source. For the sun, 


427.5 
Ip = Btu/ft*hr (2) 


where RP is the distance from the sun in astronomical units. Fora 
planet cr moon, 


T=alo (3) 


where a is the albedo, ¢,, 7, the emissivity and temperature, re- 
spectively, of the visible surface. Except for the sun, heat sources 
emit essentially in the visible and infrared part of the spectrum. 
Technical surfaces such as polished steel, aluminum, or silver- 
coated surfaces have a very high albedo (i.e., very low absorp- 
tivity) at these wave lengths. Their reflectivity, however, falls 
off rapidly in the violet and in the soft and hard ultraviolet. 
Therefore, the high-albedo method is less effective against solar 
irradiation than against radiation from planets or moons. There- 
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Fig. 1 Centaur vehicle attitude contre! as example of short period pro- 
tection of cryogenic fluids in instrumented space vehicles 


fore, a combination of attitude control with respect to the sun 
and high-albedo protection with respect to a secondary source 
suggests itself while the spacecraft is near a planet or moon. 

For Centaur, this nation’s first cryogenic space vehicle, hydro- 
gen losses are minimized by a high-albedo tank surface and atti- 
tude control which directs the engine section toward the sun (Fig. 
1). This results in satisfactory reduction of evaporation losses 
for missions into high-altitude satellite orbits (with maximum 
transfer period of about 5.2 hr into the 24-hr orbit) combined 
with short loitering periods in a low-altitude parking orbit, e.g., at 
110 n.mi. (1 or 2 revolutions, i.e., 1.5 or 3 hr parking period). For 
more extended periods in the parking orbit, however, a high- 
albedo surface alone is found to offer inadequate protection. 

The acceptable stay period in an orbit a few hundred miles 
above the surface of Earth or Venus and even Mars is so short 
that it rules out the high-albedo approach for the missions under 
consideration in this report. It is, therefore, not necessary at 
this point to discuss numerical data, as it is being worked out in 
considerable detail for the Centaur space vehicle. 

A multilayer reflector shield consists of a sequence of highly 
reflective layers. These layers could be formed by the skin of 
several tanks telescoped into one another; or they could be formed 
by foils of highly reflective material surrounding the tank. Using 
Eq. (9) in Appendix 1, the heat flux density per unit area due to 
solar irradiation at 1 A.U. distance has been computed and is 
plotted in Fig. 2 for the specified conditions. The most im- 
portant of these is the difference in absorption coefficient a, of the 
irradiated surface of the outer layer and the absorption coefficient 
of the inner layers. The value of a, must be larger, because of its 
exposure to the solar ultraviolet radiation. Almost all of this 
radiation is absorbed, heating the outer layer and thereby con- 
verting the ultraviolet to infrared radiation for which the absorp- 
tion coefficient of the layers is lower. It is, therefore, important 
to keep a, as low as possible, since the heat flux density into the 
eryogeric fluid is directly proportional to @,. A small value of 
a, also would effectively reduce the number of layers required to 
attain a given heat flux density, especially if this value is to be 
very low. Suppose, for example, it is desired to reduce the heat 
flux density to 0.095 Btu/ft? hr at 1 A.U. Then, under the con- 
ditions of Fig. 2, 160 layers are required for a, = 0.1. If a, were 
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0.2, 160 more layers would have to be added to keep the flux level 
constant. 

The higher absorptivity against solar radiation of the outer 
(first) layer is also the reason why the second is compara- 
tively more effective than anyone of the inner layers. Under the 
conditions of Fig. 2, the addition of a second layer reduces the 
flux density to 1/¢.6 of the single-layer flux density, whereas the 
third layer merely cuts the value down to about 1/2 of the two- 
layer flux density. Using the value of 12.9 Btu/ft*hr of Fig. 2 for 
the two-layer system and considering that the heat of evapora- 
tion of hydrogen is 202.5 Btu/lb, it follows that 15.7 hr are re- 
quired to pass enough heat through 1 ft? of irradiated area to 
evaporate 1 Ib of hydrogen. In recognition of this fact the author 
suggested a two-in-one tank design for the upper stage of a 
manned circumlunar vehicle (Ref. (3]) operating with O./Hg, in 
all upper stages. A design concept is shown schematically in 
Fig. 3 for the purpose of illustration. This design differs from the 
one shown in Ref. [3], but retains the same basic principle. 
Being the upper stage, it carries the circumlunar payload (1). 
The front end of the inner hydrogen tank (4) is welded to the man- 
hole cover (3) of the outer tank (5). Its outlet is welded to a 
small cover closing in a similar manner the aft end of tank (5). 
An elastic duct section (6) absorbs thermal contraction or ex- 
pansion of tank (4). Two separate outlets with H, values (7) 
and (8) lead into a joint H: feed line to the H, pump. Both Hy, 
tanks are insulated from the rest of the propulsion system by re- 
flector shields (9). Two separate O, tanks (10) are arranged 
symmetrically with respect to two engines (11) as shown in sketch 
(a). The O, tanks are shielded separately (not shown in Fig. 3). 
For a lunar circumnavigation, the vehicle stays in the parking 
orbit less than one revolution. Attitude control with respect to 
the sun and high albedo of the outer tank skin with respect to the 
earth are, therefore, adequate. The third stage (5)is emptied dur- 
ing the departure maneuver into the circumlunar orbit. The con- 
tents of the fourth tank (4) are used to a smaller part for correction 
maneuvers following lunar circumnavigation, but the bulk is to 
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Fig. 2 Radiation heat flux density per unit area into LH, tank as function 
of the number of reflector shields 
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Fig. 3 Design of hydrogen inner storage tank for circumlunar stage 
(schematic) 


be used for a capture maneuver in a low-altitude predescent orbit. 
Thus, some hydrogen and oxygen has to be stored for about 70 hr, 
but most of it must be stored by approximately 120 hr. By main- 
taining proper attitude control of this stage with engines pointing 
toward the sun, as we are planning it now for the Centaur vehicle, 
and considering further that the bulkhead pointing toward the 
sun is protected by a multifoil reflector shield arrangement, the 
average tank sidewall area exposed to the sun during the round 
trip can be kept to about 50 ft? or less. This takes into account 
the greater exposure ef the tank sidewalls during correction 
maneuvers. Thus, the amount of heat entering the tank during 
the mission period is 12.9 x 50 X 120 ~ 77,400 Btu, which would 
evaporate 420 lb H». This quantity is less than the residuals left 
in the outer tanks of the third stage. A two-in-one tank design, 
as illustrated in Fig. 3, is an example of a two-layer reflector shield 
arrangement, offering significantly reduced heat input into the 
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the preceding stage to absorb a portion or all of the heat influx, 
thereby insulating the inner tank still more effectively and, finally, 
offers effective protection against losses by meteoric puncture, 
thereby adding greatly to the safety of the crew. The amount of 
heat insulation obtained in this manner is adequate for lunar 
round-trip missions without long selenocentric capture periods. 
For lunar missions involving longer time periods and even more 
so for interplanetary round-trip missions to Venus and Mars, the 
combination of two-layer reflection shielding of the sidewalls plus 
attitude control is no longer adequate. The number of reflecting 
layers must be increased. In Ref. [3] an orbit-assembled lunar 
landing vehicle was proposed whose tanks were wrapped into a 
number of aluminum or silver-coated polyethylene foils, the num- 
ber of foils being as large as necessary to render the storage capa- 
bility adequate for the mission period under consideration. 
Similar arrangements were envisioned in Refs. [2, 4, 5, 6, 9, 11]. 
The simple wrap-around concentric reflector system, however, 
has a disadvantage which becomes especially critical as the num- 
ber of foils is increased and the mission period is extended, i.e., 
especially for interplanetary missions. The individual foils must 
‘be kept apart, for example by rings (ribs). These could simply 
be provided by rings of greater foil thickness. Obviously, in 
order to derive maximum benefit from the multilayer reflector 
shield, as much of the space between the foils as possible should be 
vacuum. Therefore, not only the number of ribs, but also the 
heat conductivity of the rib material should be as small as 
possible. “Nevertheless, as the number of foils is increased, con- 
ductive heat input through the ribs becomes an increasingly large 
portion and eventually becomes an equally strong source of heat 
input into the fluid. At this point a further increase in the num- 
ber of foils actually may lead to an increase in heat input. The 
maximum number of foils beyond which the heat input could in- 
crease again follows from Eq. (16) in Appendix 2. This equation 
defines, for the conditions explained in Appendix 2, the permissi- 
ble heat conductivity for the condition that the conductive heat 
input into the cryogenic fluid equals the radiative heat input. 
This permissible heat conductivity is plotted against the number 
of foils in Fig. 4 for the following conditions: 


1 The radiative heat input (q/A), as function of n is taken 
from Fig. 2. 

2 The outer foil absorption coefficient for solar irradiation is 
a, = 0.1, the emissivity is €¢, = 0.05 so that, for 1 A.U. distance, 
the equilibrium temperature of the outer skin is 


1 
= (2 Io) = (5.78 X 10-* X 1 X 427.5)" 


= 705 deg R = 240 deg F. 


3 The wall temperature is equal to the temperature of liquid 
hydrogen (33 R) whence 


' T, — T, = 705 — 33 = 672 deg R. 
4 The space between two consecutive foils is 
6 = 1/50 in. 
5 The width of each rib is 1.2 in., the distance between two 
ribs is 10 ft. Therefore, 
A,./A = 107%. 


From Fig. 4 one can read the maximum permissible number of 
concentric foils which can usefully surround the tank. The per- 
missible number of foils can serve for different conditions, since all 
factors entering the equation are linear, except for (q¢/A),. Thus, 
if A./A is 10~? instead of 10~*, the permissible heat conductivity 
is tenfold its actual value, so that one enters the graph at '/15 the 
actual heat conductivity. Likewise, if the spacing & between the 


16 / FEBRUARY 1961 


long-term storage tank. It enables one to utilize the residuals of . 


foils is twice as large, the permissible heat conductivity is doubled. 
The graph must therefore be entered at one half the actual heat 
conductivity. Conversely, if the temperature difference is re- 
duced, say, to one half of the foregoing value, the permissible 
heat conductivity is doubled and the graph must be entered at 
one half the actual heat conductivity of the material to find the 
maximum permissible number of layers. 

The graph (Fig. 4) shows that the permissible heat conduc- 
tivity deteriorates very rapidly with increasing number of 
foils. In order to be protected by more than 10 to 20 foils, the 
heat conductivity of the rib material is restricted to extraordi- 
narily low values. One would, of course, space the foils farther 
apart, when a not too large number is involved. Thus, by using 
6 = 1 in.,, a heat conductivity of about 1.3 Btu-in./ft?hr 
deg F would permit the use of 40 foils instead of 5. The use of 
100 to 200 foils, however, would, at the before mentioned heat 
conductivity, require a very bulky shielding arrangement (e.g., 
for 160 foils 6 would have to be 20 in.) or a drastic reduction of the 
A,/A ratio. Obviously, the larger 6, the greater will be the 
allowable distance between the ribs, hence, the smaller will be 
A./A, augmenting the beneficial effect of 6 as far as thermal 
insulation is concerned. The weight’ of the heat shield system, 
however, goes up rapidly with 4 if a large number of foils is in- 
volved and eventually is no longer acceptable. 

For this reason it was found necessary for interplanetary mis- 
sions to keep the heat shield arrangement apart from the tank. 
Therefore, the concept of the reflector cage (Fig. 5) was investi- 
gated, which not only eliminates conductive heat transfer into 
the tank almost completely, but also offers the added advantage 
of providing heat control by making the cage position adjustable 
relative to the tank, thereby exposing any desired portion of the 
tank wall of the sunlit side to solar irradiation, if desired. Fig. 5 
illustrates a simple principle by which this can be accomplished. 
The cage is slipped over the tank and held centrally on a guide 
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Fig. 4 Maximum permissible heat conductivity for condition that con- 
ductive heat input through ribs. equals radiative heat input through shields 
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(b) REFLECTOR CAGE 


Fig. 5 Reflector cage arrangement to eliminate conductive heat trunsfer 
into cryogenic tank (schematic) 


(a) OPEN-END WRAP-AROUND FOILS 


boom. On the other end of the tank the cage is held by two or 
three guides which prevent lateral oscillation of the cage during 
propulsion periods. When the cage is adjusted longitudinally, 
the guides move in guide rails mounted alongside the tank. 

However, for large tanks and for long missions which require 
many tens or hundreds of foils the wrap-around technique as well 
as the reflector cage become heavy. Moreover, the very need for 
a large number of foils is caused by the fact that the configuration 
factor from one layer to the next is practically unity. Thus, a 
maximum amount of the radiation absorbed by the outer layer is 
transmitted to the inner layers and is retained in the system in 
which the thermal radiation bounces back and forth between the 
layers until gradually absorbed, thereby yielding for each layer 
the highest possible foil temperature consistent with the existing 
absorptivity and emissivity. 

Therefore, the shadow shield method was investigated. This 
method leads to a reflector shield which is adjustable and mini- 
mizes the configuration factor by directing radiation away from 
the tank. Also, advantage is taken of heat conduction to direct 
reradiation of heated foils in a more appropriate direction rather 
than for full illumination of the next foil. A representative 
shadow shield configuration is depicted in Figs.6 and 7. It con- 
sists of an outer and an inner shield system. The outer shield 
system is located at some distance from the tank and faces the 
radiation source with a plane foil (front foil, Fig. 6) which is 
highly reflective on both sides. The radiation emitted by the 
inside illuminates a V-shaped second foil (V-foil) which also is 
highly reflective on the inside and outside. The V-foil will there- 
fore reflect most of the incident infrared radiation into the inside 
and emit very little radiation through the surfaces facing the 
cryogenic tank and the inner shield system. The reflected energy 
is absorbed by a black foil occupying the center plane of the V- 
shaped interior. The equilibrium temperature of the black foil 
is higher than that of the V-foil. Acting as a heat source it ex- 
tends into the shadow side behind the V-foil from where its black 
surface readily emits thermal radiation essentially in the direction 
normal to the direction of the cryogenic tank. By draining the 
heat out of the triangular space in this manner, the interior por- 
tion of the black foil is cooled, reradiation back to the V-foil is 
minimized, and therewith the temperature and radiation intensity 
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of the outside of the V-foil toward the tank is kept low. Although 
the planes of the V-foil are inclined with respect to the line of 
sight to the tank, thereby reducing the configuration factor of 
these planes, the configuration factor of the black foil is still 
smaller. The black foil, therefore, represents the logical place 
for radiating the energy into space. Countless reflections result- 
ing in gradual absorption by the entire initially absorbed energy 
by the concentric shield system is thereby avoided. The initially 
absorbed heat of the front foil is reradiated into space as promptly 
as possible in a direction which minimizes illumination of the 
tank. The comparatively largest emitting area facing the tank is 
the outside of the V-foil. Due to its inclination, the configura- 
tion factor is reduced. It could be further reduced by reducing 
the apex angle, but this can be done only at weight penalty, since 
not only the area of the V-foil but also of the black foil increases. 
In general, the configuration factor of the V-foil is less important 
than that of the black foil, since the former turns a highly reflec- 
tive surface to the tank, hence emits very little radiation in the 
first place. The outside of the V-foil is somewhat illuminated by 


(b) SHADOW REFLECTOR SHIELD SYSTEM 
Fig. 6 Two methods of reflection shielding 


| 


Fig. 7 Side view of shadow reflector shield system 
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the black foil. Again, the configuration factor is small. Radia- 
tion from the black foil is at a low incidence angle. The radiation 
is infrared and is almost entirely reflected away from the tank by 
the V-foil. The tank is shielded from the black foil by a small 
vertical end foil. 

_ There remains some radiation directed toward the cryogenic 
tank. It comes from the V-foil. It is infrared radiation, sharply 
reduced in intensity below the amount of radiation which a third or 
even a fourth foil would receive in a concentric shield system. To 
protect, if necessary, against this radiation, a few foils (2 to 10) 
can be wrapped around the tank. In this case, there is no need 
for a shield cage, since all foils of the inner part are extremely cold 
so that there is a little heat to conduct in the first place. The 
outer part of the shadow shield system must be adjustable to 
direct it toward the principal outer radiation source (Fig. 7). The 
inner concentric part offers protection against lesser outer ra- 
diation sources. A shadow shield of the described type which is 
1 to 2 tank radii away from the skin reduces the radiation in- 
tensity offered to the outer layer of the concentric shield system 
around the tank to !/ to '/# of the energy offered to the front 
foil (assuming solar irradiation, a, = 0.1, 1 A.U. distance), that 
is, about 1 to 2 Btu/ft*hr. In the shadow shield this is ac- 
complished with three layers, namely, the front foil, the V-foil, and 
the black foil, all of them requiring less area than a concentric 
cylindrical foil. In a concentric system, such reduction requires 
about 16 layers. The radiation offered by the shadow shield is all 
infrared and is therefore effectively rejected by a few concentric 
foils of the inner system. Approximately 10 of the concentric foils 
would reduce the heat flux density: into the hydrogen to 
about the same level as would 200 to 300 foils in a concentric re- 
flector shield system. It is, therefore, worth while te consider a 
shadow shield arrangement which is clearly superior to a con- 
centric shield arrangement. The evaluation of a specific shadow 
shield system and the aspects of its design must be considered in 
conjunction with a specific vehicle and a particular mission. 


Solidification of Hydrogen 


The third approach to the storage of cryogenic fluids in space 
is their solidification. By controlling the heat flux density into 
the tank, the propeidlant can be reliquefied in time for its use. 
The specific rate of evaporation (fraction of the total weight of 
cryogenic fluid per day) is for an individual tank given by 


(4) 


where w, is the daily fluid weight lost by evaporation, W is the 
total fluid weight initially in the tank, g/A is the specific heat 
flux density Btu/ft*hr, A is the area through which heat flux takes 
place, V is the tank volume, Q is the heat required to evaporate 1 
lb of the fluid (@ is not necessarily the heat of evaporation), and 
gp is the specific weight of the fluid. It is seen that, among other 
things, the specific rate of evaporation is inversely proportional 
to the value of @. The heat of evaporation of hydrogen is Q, = 
225 eal/g-mole = 202.5 Btu/Ib. At very low vapor pressure (0.07 
kg/cm? ~ 1 psi) the melting temperature of H, is 13.96 deg K 
(Ref. [16])}. At 1 atm vapor pressure, the H, temperature is 20.39 
deg K. Thus, assuming H; is stored at 1 atm vapor pressure, its 
temperature first must be lowered by 6.43 deg K to cause fusion. 
Inspection of the specific heat of H, in this temperature range 
(Ref. [16]) shows a value of about 3.9 cal/g-mole deg K. The en- 
thalpy which must be removed is therefore 6.43 X 3.9 = 25.1 
cal/g-mole. To this, the heat of fusion, 28 cal/g-mole, must be 
added. The total enthalpy sink, available under these conditions, 
is 28 + 25.1 = 53.1 cal/g-mole = 26.55 cal/g = 47.79 Btu/lb. 
The quantity of heat required to evaporate 1 lb of H; is thus Q = 
Q, + Q, = 250.3 Btu/lb. Therefore, the specific rate of evapora- 
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tion is, for the solid hydrogén, 0.81 of the rate for the liquid hy- 
drogen, everything else being constant. Conversely, the storage 
time ratio is 1/0.81 = 1.235. For a few days mission period this 
is not a significant effect. For long storage times as in the case 
of interplanetary missions this factor becomes more important. 
This becomes especially apparent if one considers the permissible 
heat flux density and the associated number of concentric heat 
shields required. Eq. (4) yields for the permissible heat flux 
density in the case of a specified value of w,/W, 


(5) 


In the case of H:, gp is taken as 4 lb/ft’. Fig. 8 shows a plot of 
the permissible g/A as function of w,, W for several values of A/V, 
using in the one case Q = Q,; Q = Q, + 47.8 Btu/Ib in the other. 
Using the conditions specified for Eq. (9), this equation can be 
solved for the number of concentric foils required as function of 


(q/A) ny 
& 
ato 2; ( A ). 2; 


This equation can be used to determine the effect of Q on n via the 
determination of (¢/A), by Eq. (5). Using, for the purpose of 
comparison, the same conditions as those listed for Fig. 4, the 
number of reflector foils as function of w,/W is obtained for the 
same range of A/V and the two values of Q as used in Fig. 8. 
The result is presented in Fig. 9. The principal conclusion is 
that H; solidification becomes an important factor when long 
mission periods are involved, although the small heat of fusion 
imposes a principal limitation. Solidification for long-term 
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Fig.8 Radiative heat-transfer rate versus specific rate of evaporation for 
solid and liquid hydrogen at different ratios of irradiated area to volume 
of tank 
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solid and liquid hydrogen at different ratios of irradiated area to volume 
of tank 


storage offers the added advantage that meteor damage to the 
container can be conveniently repaired without significant loss in 
fluid. 

The solid hydrogen can be produced by evaporating liquid hy- 
drogen which has a heat of evaporation of 225 cal/g-mole. Thus, 
for every pound of H: evaporated from a storage condition at 1 
atm vapor pressure, 225/53.1 = 4.23 lb can be fused. A ther- 
mally insulated tank (since the fusion process obviously must be 
kept adiabatic), therefore, must load 124 per cent liquid H, at 1 
atm vapor pressure for a load of 100 per cent of the desired weight 
in the form of solid Hz. Liquid H; could be transported into 
orbit and solidified in space by evaporation. It would, however, 
be more economical to do this in a large vacuum facility on 
the ground, provided the container with the solid hydrogen will 
immediately thereafter b> launched into orbit. 


Liquefaction of Evaporated Hydrogen 


The final concept to be discussed here involves the liquefaction 


of evaporated hydrogen by a refrigeration unit carried on board 
the spacecraft. It is to be anticipated that with progressing 
cryogenic technology over the next decade, flyable, lightweight 
Oz, F2, and Hy, liquefaction units will become feasible. A sig- 
nificant step in this direction is the proposal for a mobile He 
liquefaction unit, made recently by Malaker and Daunt (Ref. 
{17]). Their system, called Thermalord, is described as a con- 
tinuously operating high-efficiency, low-maintenance production 
unit. Although capable of producing 95 per cent para-hydrogen, 
it can also be used as a closed cycle hydrogen liquefaction unit 
without ortho-para-conversion. When applied in this manner 
to reliquify evaporated para-hydrogen in a spacecraft the ortho- 
para conversion catalysts and associated plumbing can be 
omitted with corresponding gains in running economy and weight. 
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For a detailed discussion of the various methods of hydregen 
liquefaction the reader is referred to Refs. [17 and 18]. A simpli- 
fied flow diagram of the H; l'quefaction unit is shown in Fig. 10 
(Ref. [17]). This picture does not show the ortho-para con- 
version steps. These are not required for spaceborne refrigerator. 
units, since para-hydrogen is stored. The unit consists of a com- 
pressor, three heat exchangers, two refrigerating engines, and an 
expansion unit. The closed-cycle refrigerating engines operate on 
a modified Stirling cycle. The hydrogen gas circuit liquefies by: 
the Linde system which requires precooling. This precooling is 
provided by the refrigerating engines. Since these engines cool 
the H, down to 30 deg K, only low pressures are required, result- 
ing in small hydrogen compressor requirements. Using data for a 
unit designed originally for mobile terrestrial use, the gaseous 
H; is fed to the compressor and compressed to 15 atm, 300 deg K. 
The gas passes through Heat Exchanger I and contacts the cold 
side of the first refrigerating engine which absorbs heat in the 
expander at 90 deg K and rejects it in the compressor at room 
temperature. The 90 deg K gas passes through Heat Exchanger 
II where it is cooled to 30 deg K and rejects heat at 90 deg K 
which is taken up at the cold side of the first refrigerating engine. 
The gas then passes through Heat Exchanger III and expands to 
2 atm in a Joule-Thomson expansion valve, liquefying about 
55 per cent. The remaining vapor passes at 2 atm back through 
all three heat exchanges into the compressor. Make-up He is 
admitted at this point from the Hy» gas reservoir outside the unit 
(in the present case, from the hydrogen evaporated in the tanks). 

The advantages of a spaceborne liquefaction unit are particu- 
larly apparent in the case of long mission periods. Weight and 
power requirements impose certain limitations on its applicability 
in terms of a minimum vehicle weight in which such a unit can be 
conveniently carried and in terms of the vehicle’s secondary 
power sources which must be large enough to provide the neces- 
sary power for the practically continuously operating liquefaction 
unit. With increasing rate of evaporation the refrigeration 
capability of the unit must grow likewise, drawing more electrical 
power. The over-all weight of this system increases rapidly, not 
only because of the weight of refrigerator unit and power source, 
but also because of the increasing radiator area which the elec- 
trical power unit needs as a result of its limited efficiency. It 
can, therefore, be suspected off-hand that a combination of re- 
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Fig. 11 Electrical power requirements of liquefaction unit as function of 
the efficiency of the individual refrigerating engines (compressor efficiency 
of 0.65 is included) 
flector shielding and refrigeration may be most attractive in the 
majority of cases. The longer the storage time and the smaller 
the specific rate of evaporation, the more worthwhile will be the 
addition of a refrigerator unit. 

For the cycle conditions outlined above, the over-all power re- 
quirement per gallon (0.68 lb) of hydrogen liquefied per hour has 
been determined in Ref. [17] and is plotted in Fig. 11. Based on 
a power requirement of 7.3 kwh/Ib Hg, i.e., on an over-all efficiency 
of the unit of approximately 0.24, the weight of the liquefaction 
init is plotted in Fig. 12 as a function of the weight of hydrogen 
liquified per day [20]. The graph shows that larger units are 
more economical in terms of weight than small units. On the 
other hand, the large change in the weight of stored hydrogen 
during interplanetary missions (cf. Ref. [1]) must be taken into 
account, requiring an initial liquefaction capacity which is much 
larger than the final capacity. The use of several units should, 
therefore, be considered for large nuclear-powered interplanetary 
reconnaissance vehicle, to ascertain maximum weight reduction 
during staging. Optimum arrangements are necessarily based 
on the analysis of a specific system. The following examples are 
given to indicate the trend. 

Suppose large quantities of liquid hydrogen are stored in the 
cylindrical tanks of interplanetary space ships. The tanks have 
an aspect ratio of 4. Ten per cent of the initial quantity in the 
tank is allowed to evaporate during the specified storage time. 
The corresponding specific rate of evaporation is plotted in Fig. 13. 
The broad side of the tank is assumed to be illuminated by the 
sun at a radiation intensity corresponding to one astronomical 
unit. The hydrogen is assumed to be stored in liquid form, at 4 
lb/ft, requiring 202.5 Btu/lb for evaporation. The resulting 
permissible radiative heat-transfer rate g/A (Eq. 5) into the hy- 
drogen is plotted in Fig. 14 for quantities of hydrogen ranging 
from 50,000 to 600,000 lb and storage periods between 100 and 
600 days. The corresponding number of foils wrapped concen- 
trically around the tank is plotted on the right side of Fig. 14, 
based on the conditions of Fig. 2. The effect of heat conduction is 
disregarded. 

In determining the weight of the reflector shield system, it is 
assumed that the weight of the individual foil is 7.7 X 10~-* lb/ft?, 
i.e., 10 per cent higher than a mylar foil of 10-* in. thickness. This 
weight is probably optimistic. Fig. 15 shows the total weight of 
the liquefaction unit plus electrical power supply and radiator, 
based on Fig. 12 (plotted again in Fig. 15) and on an estimated 
range of electrical power generator systems. The line designated 
‘mean weight” is used in the subsequent comparison. 
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Fig. 12 Target weights of spaceborne Thermalord H, liquefaction unit as 
function of liquefaction capacity 
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Fig. 13 Specific rate of evaporation for 10 per cent evaporation as func- 
tion of storage time 


Based on this data, Fig. 16 shows the variation of the reflector 
shield weight and of the weight of the complete liquefaction unit 
for given initial quantities of liquid hydrogen, as a function of the 
storage time. The graph illustrates the considerable weight ad- 
vantage of the liquefaction unit over the reflector shielding system 
for longer storage periods. 

In a typical interplanetary mission the amount of hydrogen - 
needed for each of the escape and capture maneuvers decreases 
sharply with each successive maneuver, while the storage time 
increases. Therefore, a liquefaction unit is most advantageous 
for the earth capture tank. 

These examples clearly demonstrate the need for spaceborne 
H;, liquefaction units for vehicles and missions of this type. It 
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Wu: during given storage time and corresponding number of foils for 
concentric reflector shields : 


should be added that such units, if somewhat overdimensioned, 
will play an important role in emergency cases where due to 
damage of reflector shield systems the heat flux density increases 
to a critical extent. Also, if regular deterioration of the reflector 
shield system makes itself felt critically in the course of a mission, 
the liquefaction unit which served the hydrogen tanks for capture 
and escape maneuver near the target planet would be retained, 
rather than jettisoned, to handle the increased evaporation rate 
in the earth capture tank. 

Fig. 17 depicts a combination of reflector shielding and liquefac- 
tion unit for the prototype nuclear-powered interplanetary vehicle 
configuration derived in Ref. [1]. 


Conclusions 


1 There are four basic solutions to the problem of cryogenic 
storage in space: attitude control, reflector shielding, freezing 
(solidification, as static heat sink), and refrigeration (dynamic 
heat sink). 

2 Attitude alone is rarely sufficient, especially not in the 
presence of two outside radiation sources, as in the case of a 
vehicle captured by a planet in the inner solar system, and also 
not in the case of extended storage periods. It is attractive for 
short storage periods of a few hours to a few days. Furthermore, 
for manned spacecraft, attitude control imposes undesirable 
limitations, for example, forbidding vehicle tumbling which might 
be desirable for creating centrifugal weight for the crew. It ap- 
pears that attitude control for interplanetary storage is of 
potential value only as an emergency measure. 

3 Reflector shielding can be applied in three ways: high- 
albedo surface, multilayer reflector shield, and shadow reflector 
shicld. 

4 High-albedo surface is insufficient for the missions under 
consideration here, because the permissible radiative heat flux 
rate into the hydrogen is very low and because most substances 
(certainly all metals) have a higher absorptivity to solar irradia- 
tion than emissivity at the corresponding equilibrium tempera- 
ture. This is due to the spectral energy distribution of solar radia- 
tion, compared to the infrared emission by the irradiated reflector 
shield 


5 Multilayer reflector shields are very effective, but tend to 
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Fig. 16 Weight of concentric reflector shield system and of liquefaction 
unit for 0.1 Wx evaporation during given storage time 


become quite heavy if a very low heat input is required due to 
long storage periods. They are weightwise most attractive when 
protecting large quantities (50,000 to several hundred thousand 
pounds) over limited time periods (50 to 150 days). These 
specifications apply to hydrogen required for capture near the 
target planet and, at short capture periods, also for the re- 
escape hydrogen. At longer capture periods, especially near 
Venus, a liquefaction unit is superior, because of the combined 
effect of solar and planetary radiation. 

6 An important limitation of a multilayer reflector shield is 
the heat conducted through the solid material (‘“‘ribs’’) required 
to keep the individual foils apart. For this reason a reflector cage 
has been investigated which minimizes the contact between the 
innermost layer and the cryogenic tank wall. Although this is a 
great improvement, this scheme also tends to increase the weight 
of the reflector shield system. 

7 The shadow reflector shield is far more effective than the 
multilayer planar or concentric reflector shield. This system is 
characterized by minimizing the configuration factors between 
layers and by deflecting reradiation in a particular manner. 

8 It is shown that the most important quality of the outer- 
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most shield is a low absorptivity against solar radiation and a low 
emissivity of infrared radiation. The first quality minimizes its 
temperature, the second its illumination of the second shield, 
thereby minimizing the number of foils and the shield system 
weight. Metals absorb highly in the ultraviolet, and emit little 
in the infrared. Nonmetals (e.g., chalk, ceramics) absorb less in 
the ultraviolet and emit more strongly in the infrared. Cor- 
respondingly, the ideal outer shield has a ceramic coating on the 
outside and an aluminum or silver coating on the inside (Appendix 
5). 

9 Solidification of hydrogen tends to increase the storage time 
by about 23.5 per cent. This is an important increase when long 
storage times and very low heat flux densities into the hydrogen 
are considered. Under these conditions the number of reflector 
shields required can be reduced significantly. It is worth while to 
consider initial solidification of those hydrogen quantities which 
are not needed until escape from the target planet or recapture 
at Earth. This method should be used in conjunction with reflec- 
tor shielding or a liquefaction unit, or both, as the case may be. 
Since for the long-storage tanks the probability of meteoritic 
damage is comparatively greater, solidification offers the addi- 
tional principal advantage that damage to the tank can be re- 
paired conveniently without significant.loss in hydrogen. 

10 Refrigeration of hydrogen is best applied by liquefaction 
of evaporated fluid. Using the power requirements (7.3 kwh/Ib 
H:) and weights of mobile liquefaction units based on studies by 
Drs. 8. F. Malaker and J. G. Daunt, it is concluded that such 
units, plus their associated power generation equipment and 
radiators, are only a small fraction (5 to 10 per cent) of the pay- 


load capability of the vehicles considered in Ref. [1]. Space- 


LIFE SUPPORT SYSTEM 


“REFLECTOR SHIELD AGAINST 
LIFE SUPPORT SYSTEM 


@- 


CYLINDER 


| 


T 
4 


borne liquefaction units become increasingly attractive as the 
storage time increases. Their principal value lies in the following 
application: (1) Reduction of the number and weight of the re- 
flector shields required. For storage periods in excess of 200 days. 
the shield weight becomes so much heavier than the refrigerator 
unit for equal rate of evaporation (lb/day), that an increase in 
liquefaction capability at a decrease in the number of foils leads 
to a reduction in weight. (2) Lesser vulnerability and therefore 
more time-invariant capability than reflector shields. This is 
especially important if the vehicle approaches the sun during its 
mission. (3) Balancing capability. If provided with adequate 
reserve capability, the liquefaction unit(s) can make up for 
gradual deterioration or critical damage of the reflector system, or 
for increased irradiation during capture periods. (4) If com- 
bined with an adequate reflector shield system it can, at a frac- 
tion of the weight of the shield system, reduce hydrogen evapora- 
tion losses to zero. The use of an Hy, liquefaction unit would be 
even more attractive when extending missions to Mercury or 
Jupiter. It is concluded that such units represent essential 
equipment for a hydrogen-operated interplanetary space vehicle. 
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APPENDIX 1 


Reflection Shielding Calculations 


The concept of reflection shielding for long-term storage of cryo- 
genic fluids is the most obvious one. A more or less large number 
of highly reflective foils is wrapped around the storage tank. Thus 
one has the physical model of a system of coaxial cylinders sur- 
rounding a cylindrical propellant container. The container walls 
are assumed to be the nth layer of the concentric cylinders with a 
temperature equal to that of the cryogenic fluid which it contains. 
All heat entering the container is assumed to be used to evaporate 
a corresponding quantity of the fluid. Although a certain quan- 
tity of heat could be absorbed by density changes in the fluid, 
this assumption was not made, first because this heat sink is en- 
tirely insufficient for H, storage at 1 atm vapor pressure and is 
useful for supercooled H; for only a few hours duration. Sec- 
ondly, because practical considerations of engine operation and 
minimization of residuals require a fairly contant fluid density. 
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Referring to the sun as the principal heat source, the absorbed 


solar energy per unit area is: a,Jg, the energy re-emitted into 
space: €,07'4 


where 


427.5 
Io = Btu/ft*hr 


427.5 Btu/ft*hr being the thermal energy offered by the sun at 1 
A.U. and R being the distance from the sun in A.U., a, and ¢, 
being the absorptivity and emissivity of the irradiated side of the 
first layer (surface), and o = 17.13 X 10- Btu/ft*hr deg R‘ the 
Stephan-Boltzmann constant. The outside (irradiated) surface 
of the first layer is assumed to have a different absorption co- 
efficient from the inside of the first layer or either side of any of 
the inside layers (cf. Appendix 5), because of the radical dif- 
ference in spectral distribution of the radiation offered by the sun 
to the first layer, compared to the radiation offered by the first to 
the second layer, etc. 

Generally then, the heat per unit area absorbed by the cryo- 
genic fluid surrounded by n layers is 


2 i 


n-l 
ade-* — 


7 
7) 
a, a z 2, 
(2 
a; a; 1 2 
2 2 


where z = @/e is the ratio of absorptivity to emissivity of a given 
side of the particular area, z, the ratio for the outer surface (i.e., 
the solar irradiated outside of the outer layer), z, the outer side of 
any of the inner layers, and z; refers to the inside of any layer. 
Subscript w refers to the wall conditions of the container. It is 
assumed that €,, = ¢, and that 7’,, is equal to the temperature of 
the cryogenic fluid. 
If a, = @,, €, = €,, Eq. (7) becomes 


which is identical with the equation given in Ref. [8]. 
If a, # a, €, ¥ €, but z,/z; = 1, Eq. (1) becomes 


— ge,T,,! 
(1 - a, 
a; z 
2; 


(9) 


€, €; 


taking into account that the term in brackets in the denominator 


FEBRUARY 1961 / 29 


| 
A 
alo — oe,T',,' 
| 
Qa; 25 2; 
| | 
If a, = €, = @ = €,; a; = €;, Eq. (7) simplifies to 


in Eq. (8) first becomes identical with the bracketed term in Eq. 
(9) which then for z,/z; = 1 is to be replaced by the number of 
layersn. 

Finally, if = 


To — oT,! 
n(2 :) 
€ 


If the heat source is a planet instead of the sun, the heat flux/o 
must be replaced by 


427.5 
In =F (cent — Api R ) 


(11) 


(12) 


where F is the configuration viewing factor (ef. Appendix 3). 


APPENDIX 2 
Heat Conductivity Between Reflector Layers Kept Apart 
hy Small Ribs 
The conductive heat influence into the cryogenic tank is given 
by 
(7, — T.) (13) 
where 
4. = conductive heat flux density (Btu/ft*hr) 
A, = area covered by heat-conducting material (ft?) 
Btu 
k = heat conductivity of rib-material thr deg R =x) 
5 = distance between foils (in.) 
n = number of foils 
T, = equilibrium temperature of outer reflector shield (deg 
R) 
T,.. = wall temperature of fluid tank (deg R) 


The area A, is only a small fraction of the entire irradiated area 
A. Therefore, the conductive heat flux density which is normal- 
ized with respect to the radiative heat flux density, permitting a 
comparison between the two, is given by 


Ge RAL _ 


A. Wrib 


A 


rip being the width of the rib, d,i, the distance (interval) between 
two consecutive ribs. 

If the radiative heat input per unit area, (q/A),, is to be equal 
to the normalized conductive heat input per unit area, (q,/A),, 
through a given number n of foils, the permissible heat conduc- 
tivity follows from 


(14) 


where (15) 


(q/A), 


A 


or, for a given value of k,; the permissible area ratio A,/A is 


Ac _ (q/A)n 


A a7) 


where (@¢/A),, is given by any suitable equation in Appendix 1, 
the surface foil temperature is given by 


= (+ 1) 


(18) 
o 2, 
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The foregoing analysis neglects heat conduction in the ribs to 
the shadow side of the tank. It also neglects lateral heat conduc- 
tion in the foils proper. Heat conduction in the individual rib, 
spreading heat along the entire circumference, can be prevented by 
providing rib sections rather than a complete ring. In this case, 
heat can be conducted from one rib section to the next only 
through the foils. The effect of heat conduction through the foils 
is smaller, at least in proportion to the areas provided by the foil 
thickness compared to the rib thickness. Given a sufficiently 
large number of foils, however, the amount of heat conducted 


‘laterally from rib to rib through the foils will eventually no longer 


be negligible. 


APPENDIX 3 
Configuration Factors 


A number of configuration factors has been determined in 
Ref. [19]. Some of these results are used here and applied to 
determine the configuration factor for the more complex irradia- 
tion surface of the shadow reflector shield (Figs. 6 and 7). 


1 The configuration factor for two concentric cylinders shown 
by Fig. 18(a) is given by 
Outer-to-inner cylinder: Fi, = ri/re 
Inner-to-outer cylinder: Fx = 1.0 


2 The configuration factor for two planes inclined by the 
angle a (Fig. 18(6)) is plotted in Fig. 19. This configuration 
factor applies to the radiation interchange between one side of 
the black foil and the side of the V-foil which faces this surface, 
i.e., between sides b and c in Fig. 18(c). 

3 The configuration factor for two planes at right angle to 
each other is plotted in Fig. 20. This corresponds to the irradia- 
tion of plane 6b by a (Fig. 18(c)). 

4 The configuration factor for the irradiation of an infinitely 
long cylinder by an infinitely long rectangular plate is 

x) 
PF R tan ( (19) 
As indicated in Fig. 18(c), r is the radius of the tank plus the con- 
centric reflector system, R is the distance of the respective plate 
from the center line of the cylinder. Using the nomenclature of 


(a) CONCENTRIC CYLINDERS 


x 


(b) INCLINED PLANES 


sic 


(c) SHADOW REFLECTOR SHIELD 
Fig. 18 Reflector shield configurations 


Transactions of the ASME 


> 
A/,, 
‘i 
x 
q 
Aii 
Aw 
w 
h 
h 


0.1 
0.1 0.2 0.3 0.4 


w/l 
Fig. 19 Configuration factor for two planes inclined at an angle a with 


respect to each other, the plane of width w and length / being she hypot- 
enuse, the width/length ratio of the other plane being w’/! = (w/I) cos a 


Fig. 18(c), the general term w/2 must be replaced by either A or d. 


APPENDIX 4 
Radiation From a Distant Reflector Shield 


Assume a cryogenic fluid container is in the shadow of a reflector 
shield which is a certain distance away, rather than being wrapped 
around the container. Then the inside of the shield, which faces 
the container, transmits a radiation energy of 

Gi 


“a (20) 


where 7’ is the temperature of the reflector shield and F the view- 
ing factor 

If there is only one reflector shield, the shield temperature fol- 
lows from Eq. (1) to be, for n = 1, since one side absorbs, but two 
sides emit radiation 


A a,] o(e, + €)T, 


I 
) 


1 a, 
2€; 


where J could be either J or J, defined in Appendix 1. 


(21) 


to be, if €, = €; r= ( 


or, if z, = 2;, 


Finally, if a, = €; T = (J) 
20 
APPENDIX 5 


Reflectivity, Absorptivity, and Emissivity of Metal Foils or 
Metal Coatings for Reflector Shields 
The reflectivity of very smooth or polished surfaces is defined as 
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rts 


or O02 OS 
hi/l = he/t 


Fig. 20 Configuration factor for two planes at right angle 


the ratio of the intensities of reflected radiation (J,) and incident 
radiation (/,), 


(24) 
The reflectivity of rough surfaces is defined as the ratio of radia- 
tion reflected hemispherically to the vertically incident radiation. 
In the following we assume smooth, polished surfaces. This as- 
sumption appears realistic for reflector surfaces in space even for 
the time intervals which correspond with fast reconnaissance mis- 
sion periods to Venus and Mars (0.75 to 1.5 yr). Whipple (Ref. 
[21]) points out that the erosion of optical surfaces by interplane- 
tary dust and solar corpuscular radiation is not expected to be 
significant over a period of less than about a year. 

The incident radiative energy which is not reflected must be 
absorbed or transmitted. If, however, the body is entirely 
opaque, as can be assumed for the metal-coated or metallic re- 
flector shields assumed here, it must be 


pta=l1 (25) 
where a is the absorptivity, defined as the ratio of absorbed to 
incident radiative energy, 


(26) 


The emissivity is defined as the ratio of emitted to incident 
radiative energy 


(27) 


For a black body it is a = 1, € = 1, hence Kirchhoff’s law applies 
at any temperature over the entire spectral range 


a=e (28) 


This law also holds for bodies whose absorptivity and emissivity is 
less than unity, but independent of wavelength and temperature 
(gray bodies). Many electrical isolators approach gray body 
conditions, especially tarpaper and graphite. For those bodies, 
knowledge of the reflectivity, hence knowledge of the absorp- 
tivity according to Eq. (24) immediately gives their emissivity, 
according to Eq. (28). For many substances, however, there 
exist two restrictions which limit the validity of Kirchhoff’s law. 
This is especially true for electric conductors, hence for metallic 
surfaces which are of particular interest here. The two restric- 
tions are: 


1 Temperature-dependency of the emissivity. 
2 Wavelength-dependency of the emissivity. 
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Assume first that the first restriction alone is valid. In this case, 
Kirchhoff’s law applies only to a given temperature. If reflec- 
tivity (and absorptivity) are measured at a given temperature T, 
then Kirchhoff’s law gives the emissivity at this reference tem- 
perature enly. The measurements of p or a must therefore be 
made at many temperatures. However, the nature of the radia- 
tion source, i.e., the spectral distribution of the incident light, is 
irrelevant. 

This is no longer true when the second restriction is also valid. 
In this case Kirchhoff’s law applies only to a given wavelength 
and at a given temperature. It is, therefore, necessary to measure 
p, hence a, in different menochromatic light at a given tempera- 
ture of the surface to obtain the integral value of p, a, and € and to 
repeat this for several temperatures to cover the range of interest. 

Since both restrictions are valid for metallic surfaces, absorp- 
tivity and emissivity of the outer reflector shield surface must be 
different from each other and from that of inner surfaces, if the 
outer surface is irradiated by the sun whose spectral distribution 
is different from the spectral distribution of the radiation emitted 
by the moderately heated reflector shield. Because for the outer 
surface a, = €,, the equilibrium temperature of the outer shield 
will be different from the equilibrium temperature assumed if 
a, = €,. Especially, if a, > ¢,, 7, will be higher and for this 
reason the absorptivity a,; and emissivity €; of its inner surface 
must be different from that of the irradiated outer surface of the 
next inner (second) reflector surface (a@,, €,). The inside of this 
second reflector surface, however, will have values (a@;, €,) which 
are the same as those of its outer surface, if the material on both 
sides is the same. 

Therefore, strictly, designating the first, second, third, ete., re- 
flector shield by the subscripts 1, 2, 3 . . . and designating inner 
sides by 7, outer sides by subscript 0, except for the first (outer- 
most) shield which is irradiated by the sun and is designated by 
subscript s, one has strictly, 


> Ai ~ Aso = ~ Azo = Ag; ete. 
€. < €& = Gi; Gi = €20; = €20 = i; = Ag; 
= €2i F = Ari; Eso = ete. 


Fig. 21 shows the variation of reflectivity and absorptivity of 
various materials at room temperature (7 = 300 deg K) as func- 
tion of the temperature of a black body radiation source (ref. [22]). 
The graph illustrates the variation of p and @ as functions of the 
spectral distribution only, since only the temperature of the 
radiator is varied, while that of the material stays constant at 
300 deg K. Therefore, this graph permits the determination of the 
emissivity only at the black body temperature of 300 deg K. Sup- 
pose, the temperature of an aluminum foil (curve 1) is 300 deg K, 
but it isirradiated by the sun. Then its emissivity is €, = Q200 ~ 
0.08, whereas its absorptivity is @, = Qo ~ 0.3, almost four 
times as large. Metals radiate little in the infrared, more in the 
visible (except for silver and aluminum) and strongly in the violet 
and ultraviolet. Ceramic materials, on the other hand, radiate 
more in the infrared and less in the visible and ultraviolet. The 
decrease in reflectivity and increase in absorptivity of aluminum, 
as the spectral energy distribution shifts to shorter wave lengths 
with increasing temperature of the black body, is in contrast with 
the opposite behavior of chalk and porcelain (Fig. 21). 

In cases where both restrictions of Kirchhoff’s law apply, it is 
necessary to consider the reflectivity of the material at individual 
wavelengths ard the emissivity at various relevant temperatures. 
Fig. 22 plots the reflectivity of various materials as a function of 
the wave length. To make this data more meaningful, the frac- 
tions of the total solar radiative energy up to the particular 
wave length, (Iq)e-r/Io also is plotted. This curve shows 
that the very hard spectral range up to A = 3000 A contains 
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only about four per cent of the total radiative energy offered by 
the sun. Therefore, if all of this were absorbed, the energy would 
amount to only 0.04 X 427.5 = 17 Btu/ft*hr. At 8000 A, the 
solar spectrum already contains 60 per cent of the total energy. It 
is, therefore, important to maintain high reflectivity at least as far 
down as 5000 to 4000 A. From this viewpoint Ag, Na, or Al sur- 
faces are best. Al retains its reflectivity longest, but reaches less 
high values in the visible (4000 to 8000 A) than Na and Ag which 
appear to offer the highest metallic over-all albedo against solar 
radiation. The emissivity of metallic surfaces is seen (Fig. 23) to 
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Fig. 21 Variation of reflectivity and absorptivity of various materials 
as function of the temperature of a black body radiator 
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Fig. 23 Over-all emissivity of various materials 
be very small in the temperature range expected for the solar ir- 
radiated reflector shield. This tends to raise the equilibrium 
temperature, but reduces the amount of radiation energy offered 
to the second radiation shield. To assess the effect of absorp- 
tivity and emissivity, suppose the outer reflector shield consists of 
either aluminum, graphite, or porcelain. The absorptivities to 
solar irradiation are taken from Fig. 21 (7 = 6000 deg K). The 
emissivities are iterated with the aid of Fig. 23 for the equilibrium 
temperature which is given by 


alo 


or, if €, = €; (29b) 


where the factor 2 in the denominator takes into account that the 
emissive area is twice the absorptive area. The radiative energy 
flux from the inside, offered to the second reflector shield is, by 
definition; 


(30) 


The result is summarized in Table 1. 
It is seen that, among the materials considered, the metal (Al) 


Table 1 Comparison of three materials 


€ 
at shield (q/A)i, 
temp 7' deg K Btu/ft*hr 
0.09 800 64 
0.5 680 182 
0.95 510 107 


0.95 
0.03 


Material 
Aluminum 0. 
Graphite 0. 
Porcelain 0. 
Outer coating 
with porcelain, 
inner coating 0.5 
with silver 


700 13 


=O.1 es = 0.05 
+t = 0.05, = 0.05 
= 0.05 = 0.05 


EQUIVALENT DISTANCE OF 
SPACECRAFT FROM SUN (A.U.) 


Fig. 24 Radiative heat flux density into liquid hydrogen through a 
concentric reflector shield system of n aluminum foils 
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shield is superior to all monomaterial shields, but that a base 
carrier, e.g., a metal foil, coated on the outside with a material of 
the optical qualities of porcelain and on the inside with silver, 
would be still better, because the energy transport g into the re- 
flector shield system is lowest, although the temperature of the 
shield would be higher than that of a porcelain shield. As indi- 
cated by the curve for chalk in Fig. 21, there are materials whose 
absorptivity of solar radiation is still smaller than that of por- 
celain, namely, 0.1. Consequently, certain nonmetallic coatings 
of the outer heat shield could greatly improve the effectiveness of 
the entire reflector system, especially if very low heat flux density 
into the cryogenic tank is required. 

In the analyses of this report, some simplifying assumptions 
have been made, as noted in Fig. 2 in the main body of this re- 
port and in Fig. 24, 25, and 26 in this Appendix. Fig. 24 is a 
corollary to Fig. 2, showing the effect of solar distance on the heat 
flux density of the hydrogen tank. Fig. 24 also can be used to 
estimate the number of reflector shields required in the presence 
of a shadow reflector shield which, for the tank, creates a condi- 
tion equivalent to a much greater equivalent solar distance than 
the actual distance of the vehicle. Fig. 24 represents the ap- 
proximate conditions of radiative heat flux density for n aluminum 
foils, while Fig. 26 shows the improvements attainable by provid- 
ing the outside of the outer heat shield with a nonmetallic coating 
of the optical qualities of porcelain (as given in Table 1) and by 
covering the inside with an aluminum coating. All! inner layers 
are assumed to be aluminum to permit a comparison with Fig. 24. 


APPENDIX 6 
Stirling Cycle Refrigerator Engine 


The Stirling cycle refrigerator engine has a compression volume 
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Fig. 25 Radiative heat flux density into liquid hydrogen through a con- 
centric reflector shield system of n foils whose material has the optical 
qualities of porcelain 
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Fig. 26 Radiative heat flux density into liquid hydrogen through a con- 
centric reflector shield system of n — 1 aluminum foils and an outer foil 
whose outside is coated with a nonmetallic material of the optical quali- 
ties of porcelain and whose inside is coated with aluminum 
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V, at higher temperature 7, and an expansion volume Vz at a 
lower temperature Ty. A fixed quantity of gas passes alternately 
from one volume to the other through a regenerator. No valves 
are used. To maintain a refrigerating effect, the movements of 
the pistons in the two volumes must be out of phase so that the 
expansion volume leads with respect to the compression volume. 

The idealized Stirling cycle refrigerating engine operates as 
follows (Fig. 27, Ref. [17]): 


1 Isothermal compression in V,. Vgiszero. The heat of com- 
pression is ejected at the compressor head (7,). Ideally, this 
process is isothermal (A-B on the indicator diagram, Fig. 27). 

2 Constant volume gas transfer from volume V, to Vg (iso- 
choric path B-C on indicator diagram). This process involves 
simultaneous and equal increase in Vz and decrease in V,._ Dur- 
ing this process the gas is cooled further in the regenerator, enter- 
ing Vz at the lower temperature T. No work is involved in this 
process. 

3 As V, is zero, the entire gas is expanded into Vz. The ex- 
pansion is isothermal under ideal conditions, because heat is ab- 
sorbed at this cold side of the engine from the compressed Hy 
which has just passed Heat Exchanger I (7T'z < Tn:). This 
process corresponds to the isothermal curve C-D on the indicator 
diagram. 

4 Now the gas is transferred back from Vg to V¢ in an iso- 
choric transfer process D-A on the indicator diagram. Passing 
back through the regenerator, the heat stored in the regenerator 
during the first isochoric process is now transferred back to the 
gas so that it returns into V; at the temperature 77. Therewith 
one cycle is completed. 


Ideally, the Stirling cycle can be as efficient as the Carnot 
cycle. In practice, as pointed out in Ref. [17], the most con- 
veniently arranged piston movements for the compressor and ex- 
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Fig. 27 Operation of refrigeration engine, based on the idealized Stirling 
cycle (Ref. (17]) 
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pander are harmonic or nearly harmonic, modifying the idealized 
Stirling cycle shown in Fig. 27 to a cycle indicated in Fig. 28. To 
obtain refrigeration there must be a phase difference between the 
movements of the compressor and expander pistons such that the 
increase in Vz is faster than the decrease in V,. The optimum 
angle of phase difference between the two pistons was found in 
Ref. [17] to be @ = 90 deg, i.e., half the expander volume is 
established before the compressor begins to reduce V,. Fig. 29 
which is taken from Ref. [17] shows the rate of refrigeration as a 
function of the phase angle for the cases of V, = Vz, T,/Tz = 
7, 6, and 5, neglecting dead volume outside compressor and ex- 
pander. The abscissa shows the phase angle ¢. The ordinate 
gives the specific cooling capacity of the engine Q,/II T.V, 
(Btu/sec ft* deg R), where Q, is the rate of heat absorbed and 
T., V, are the temperature and volume, respectively, of the hy- 
drogen at the cold end of the engine. 

Significant advantages of a combined modified Stirling cycle- 
Linde system refrigerator unit include reliability, capability of 
long-term operation, large variety of practical unit sizes, and self- 
containment of the unit. 


Fig. 28 Indicator diagram of actual refrigeration engine based on har- 
monical motion of compressor and expander pistons with 90-deg phase 
difference (Ref. [17]) 
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Fig. 29 Variation of rate of refrigeration with phase angle (Ref. {17]) 
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Stresses in Thin-Walled Pressure Vessels 
With Ellipsoidal Heads 


A finite difference’ approximation to the Love-Meissner equations for the ellipsoidal 
shell was used to calculate stresses in thin-walled pressure vessels with ellipsoidal heads. 
Calculations were made with a digital computer for a useful range of the shell parame- 
ters. Results are reported in the form of stress indexes and stress intensity indexes, the 
latter based on the maximum shear theory of failure. Comparisons are made with the 


available experimental and analytical work in the literature, and stresses are also given 
for typical heads designed in accordance with the ASME Boiler and Pressure Vessel 


Code. 


| Pressure Vessel Research Committee, of the 


Welding Research Council, has had a continuing program to 
provide the pressure vessel industry with methods for the calcu- 
lation of stresses in pressure vessel heads of various shapes. 
Under this program, a paper by Watts and Burrows [2]* ap- 
peared in 1949 in which the basic theory of pressure vessel heads 
was summarized and equations appropriate to common pressure 
vessel head shapes were presented. Following this paper, three 
papers by Watts and Lang appeared, describing the calculation 
of stresses in pressure vessels with conical [3], flat [4], and hemi- 
spherical [5] heads. These efforts were not easily extended 
to cover ellipsoidal and torispherical heads, however, because the 
complexity of the basic equations describing these heads pre- 


1 At present Associate Professor of Mathematics, Boston College, 
Boston, Mass. 

2 Operated for the U. S. Atomic Energy Commission by the West- 
inghouse Electric Corporation. 

3 Numbers in brackets designate References at end of paper. 

Contributed by the Petroleum Division and presented at the 
Summer Annual Meeting, Dallas, Texas, June 5-9, 1960, of THE 
American Socrery or MECHANICAL ENGINEERS. Manuscript re- 
ceived at ASME Headquarters, February 1, 1960. Paper No. 60— 
SA-12. 


vented the derivation of analytical results as previously obtained 
for conical, flat, and hemispherical heads. With the advent of 
the high-speed digital computer, a numerical solution to the el- 
lipsoidal shell problem became feasible and the results to be de- 
scribed in this paper were obtained. 


Theory 


The configuration which will be considered in this discussion 
consists of an ellipsoid of revolution mounted on a long, circular 
cylinder, as shown in Fig. 1. As indicated in the figure, the head 
and cylinder combinations to be treated have a continuous mid- 
dle surface across their junction. It will be assumed that the 
cylinder to which the head is attached is semi-infinite in extent 
in order that the stress distributions at and near the ellipse-cylin- 
der junction will not be affected by any discontinuities at the 
remote end of the cylinder. The thicknesses of the head and the 
cylinder are not necessarily equal; however, no transition is 
assumed between the two thicknesses in cases where they are 
unequal. 

The method of analysis to be utilized herein is the bending 
theory of thin shells. A shell is generally considered thin when 
its diameter is more than ten times its thickness. This require- 
ment allows analytical solutions to be found for many shells, al- 


Nomenclature* 


inside diameter of head or 
cylinder, in. 

mean diameter of head or 
cylinder, in. 

head thickness, in. 

cylinder thickness, in. 

pressure acting in the shell, psi 

axial co-ordinate of the cylin- 
der, in. 

rotation of a tangent to the 
middle surface lying in a 
plane through the axis of 
revolution, radians 

shear force, lb 

resultant normal force, Ib/in. 


4 Wherever possible, the ‘‘Uniform Nota- 
tion System for Pressure Vessel Shell 
Theory,” of the Pressure Vessel Research 
Committee, Welding Research Council, has 
been utilized. (See reference [1].) 
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resultant moment, in-lb/in. 

Young’s modulus, psi 

angle between a normal to the 
shell middle surface and the 
shell axis, in the plane of the 
shell axis, degrees 

angle between the major axis 
of the ellipsoidal head and a 
line from a point on the mid- 
dle surface of the head to the 
intersection of the major and 
minor axes of the ellipsoidal 
head, degrees 

Poisson’s ratio 

12(1 — py?) 

ratio of the major axis to the 
minor axis of the middle sur- 
face of the ellipsoidal head 

ratio of the major axis to the 
minor axis of the inside sur- 


face of the ellipsoidal head 

cylinder constant (inches)~‘, 
= m‘/D*t? 

stress, psi 

ellipsoidal shell parameter = 
[1 + (6? — 1) sin? 

ellipsoidal shell parameter = 
Bu 

ellipsoidal shell parameter = 
B® 


Subscripts 
ce = cylinder 


e 


ellipsoidal head 

inner surface 

outer surface 

axial direction 
circumferential direction 
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Fig. 1 Ellipsoidal head mounted on a cylinder 


though for the ellipsoidal shell an analytical solution has not been 
found in spite of this assumption. An exact theory to treat thick 
shells is not available at the present time. The bending theory 
of thin shells is very well described in the previously mentioned 
Watts and Burrows paper [2] and also by Timoshenko [6]. 
Hence all equations required in this paper will be stated without 
derivation. Interested readers will find the missing details in the 
cited references. 

The basic differential equations of the bending theory of thin 
shells under internal pressure are derived from a consideration of 
the equilibrium of a differential element of the shell. These 
equations are known as the Love-Meissner equations. For ellip- 


soidal shells under internal pressure, the equations appear as 
follows [2]: 


L{V,] + vV, + (DET8’/2)W, 
= (pD?/8)8%3v? + 1)(1 — v*) cot (1) 


L{W,] — — (Dm‘6'/2ET4)V, = 0 (2) 
In these equations L[. . .] stands for the Love-Meissner dif- 
ferential operator which is defined as 
d*[.. .] Gi: 
+ (3 — 2n?)(cot d) — [...]vt cot? d 


(3) 


Equations (1) and (2) are the equations which have given so 
much trouble to analysts seeking closed solutions to ellipsoidal 
shell problems. These equations must be solved for the shear V, 
and the rotation W,, which in turn are used to calculate the re- 
sultant moments and normal forces acting in the ellipsoidal shell 
by means of the following equations [2]: 


m'D6b yp? do ( ) 
do W, cot (5) 
2V pDé 
plo 
(6) 


30 FEBRUARY 1961 


(7) 


After the resultant moments and normal forces have been ob- 
tained from the preceding equations, the stresses in the ellipsoidal 
head are obtained from the following 


(8) 


(9) 


where the positive sign is used for the stresses on the outer sur- 
face, and the negative sign is used for the stresses on the inner 
surface of the shell. 

A similar, but much simpler, set of equations holds for the 
semi-infinite cylinder. The Love-Meissner equations are re- 
placed by a single equation [2] 


aw, 
dz* 


+ = 0 (10) 


The solution to the preceding equation, for a semi-infinite cylin- 
der, is 


W, = (C, sin Ax + C2 cos Az) (11) 
where C, and C; are arbitrary constants. The resultant moments 


and membrane forces acting on the cylinder are found from the 
following equations [2] 


Et? dW. 

(12) 

M, =»M, (13) 

pD 
N,=— 14 
(14) 
pD 
= — 1 


Equations (8) and (Y), with 7’ replaced by ¢, are utilized to ob- 
tain the stresses in the cylinder after calculation of the moments 
and normal forces in the cylinder by use of equations (12) through 
(15). 

Since equations (1) and (2) are each second-order differential 
equations, there will be four arbitrary constants to be determined 
for the ellipsoidal head. Equation (11) indicates that there are 
two arbitrary constants to be determined for the cylinder, making 
a total of six arbitrary constants which must be determined. 
These constants are obtained from six boundary conditions which 
are as follows. The shear and rotation at the top of the ellip- 
soidal head must both be zero and the resultant axial. moment, 
axial shear, radial deflection, and rotation at the edge of the 
ellipsoidal head must be equal to the corresponding quantities at 
the edge of the cylinder. The latter four conditions insure con- 
tinuity at the junction between the head and cylinder. 


Description of the Numerical Solution 


Equations (1) and (2) are approximated by difference equa- 
tions using a method developed by Varga [7]. In writing the set 
of difference equations, four of the previously mentioned bound- 
ary conditions are used. These are the conditions of zero shear 
and zero rotation at the top of the head, and the conditions of 
equal axial moments and equal radial deformation at the junction 
of the ellipsoidal head and the cylinder. This introduces two 
parameters which are evaluated, after solution of the difference 
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2 
T Dé’ do 4 6 
N, . 6M 
| 
o,= 


equations, from the remaining two conditions at the junction. 
In terms of matrices, the difference equations can be written 
after some manipulation as 


AV (16) 


where A is a known square matrix, P, S, Q are column matrices 
(vectors), and y and € are the previously mentioned parameters 
which correspond, respectively, to the radial deformation and axial 
moment at the junction. The matrix A is symmetric and posi- 
tive definite under fairly mild conditions on 8, v, and D/T’, and 


thus V can be found (V corresponds to the function V,) as follows 


V = + + 


(17) 
This involves solving the system of equations 
Az=k (18) 


pare 
three times for different values of the vector k. This is done 
using an iterative method very similar to that used by Shortley 
[8], which makes use of the properties of Chebyshev polynomials. 
As applied to the present problem, the method is completely de- 
scribed in reference [9]. The method has the advantage that it 
makes use of a good first guess to the solution of the problem in 
order to converge more quickly. This first guess is obtained by 
changing the matrix A into another matrix A by a simple matrix 
multiplication. The matrix A has zeros for elements everywhere 
except for the main diagonal and the two diagonals parallel to 
and above and below the main diagonal. This kind of matrix 
can be easily inverted using a method such as Gauss elimination. 
The result obtained in this way is sometimes sufficiently accurate 


to be used as the final solution. However, experience has indi- 
cated that this method is subject to round-off errors and thus 
the iterative method, described previously, is used to eliminate 
the errors. The iterative method is stable with respect to round- 
off errors in the sense that an error entering at any stage of the 
computation will decay as the number of iterations increases, as- 
suming no others are committed; that is, the error will not propa- 
gate itself. 

After these calculations are completed, the parameters ¥ and € 
are evaluated from the remaining two boundary conditions. The 
functions V, and W, are subsequently found at the mesh points of 
the ellipsoidal head. The determination of the stresses from 
these functions, using standard difference approximations for 
derivatives, then completes the solution of the problem. 


Comparison With the Work of Other Investigators 


As a check on the accuracy of the numerical results obtained 
herein by a finite difference approximation, several comparisons 
to experimental work and computational work will be presented. 

Results of two experimental investigations of stresses in ellip- 
soidal pressure vessels have appeared recently in the literature. 
The first of these investigations was performed by Cooper, Smith, 
et al. [10]. These tests included strain gage determinations of 
stresses in an approximate ellipsoidal pressure vessel head model 
with 8 = 2 (the model was actually torispherical). Comparisons 
of the stresses measured in these tests with stresses calculated by 
the method described in this paper are shown in Figs. 2 and 3. 
The basis of comparison is the stress index, which is obtained by 
dividing all stresses in the head and cylinder by the hoop stress 
at the inner surface of the cylinder far from the junction. Con- 
‘sidering the fact that the test data are only for an approximate 
ellipse, the agreement between the experimental and calculated 
curves is fairly good. As a result of tests on still another tori- 
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Fig. 2 Measured and calculated axial stress indexes in an approximate ellipsoidal head model tested by 
Cooper, Smith, et al. [10] (8 = 2, D/t = 76, T/t = 1) 
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spherical head, Cooper, Smith, et al., wrote in their report that 
_ slight differences in shape such as exist between an exact and an 
approximate ellipse have a pronounced effect on the stress dis- 
tribution. _The displacement of the experimental and calculated 
curves is attributed to this fact. Note, however, that the peaks 
and minimums are essentially of the same magnitude in both the 
experimental and the calculated results. This fact will be dis- 
cussed further when the results of other experiments are given. 
Since these experiments were performed on a vessel which was 
quite thin (D/t = 76) the inner and outer surface stresses in the 
cylinder far from the junction are essentially equal for both the 
experimental and calculated results. This is as expected since 
the theory applies to thin shells such as this where the thickness 
has no effect on the membrane stress. 

The method of calculation was also compared to results of 
photoelastic tests by Fessler and Rose [11]. Curves of measured 
and calculated stress indexes are shown in Figs. 4 and 5. (The 
actual value of Poisson’s ratio, y = 0.5, for the plastic model was 
used in the calculations.) Fessler and Rose obtained their re- 
sults for an exact ellipse with 8 = 1.37. However, their model 
had a diameter to thickness ratio of 10, which places it at the edge 
of the range of validity of the present computational method. 
This is illustrated on the.curves by the fact that the circumferential 
stresses on the inner and outer surface measured in the cylindrical 
portion of the vessel model far from the head-cylinder junction 
are not equal. The theory, not knowing that the shell is thick, 
predicts equal circumferential stresses at the inner and outer sur- 
faces of the cylinder far from the junction. Since the theory also 
uses the middle surface of the cylinder wall as the location of the 
application of pressure, it approximately predicts the circumferen- 
tial stress at the inner surface and gives too high a value at the 
outer surface. Otherwise, the comparison is quite good, especially 
in the knuckle region of the head. Furthermore, the curves indi- 
cate that the thin shell theory is conservative when it is used to 
calculate the stresses in a head of such thickness. Fessler and 


Rose also tested a torispherical head model of the same height 
and diameter as their ellipsoidal head model. They found that 
the peaks and minimums in the stress distribution were essentially 
equal in magnitude to those in the ellipsoidal head, but that they 
were displaced somewhat from those in the ellipsoidal head. This 
discovery confirms the conclusions reached earlier, in the dis- 
cussion of the Cooper, Smith, et al., results where a torispherical 
head model and an exactly ellipsoidal head model of the same 
height and diameter were being compared. 

Since a hemisphere can be thought of as an ellipse with B = 1, 
results obtained from the present computational method were 
compared to exact, calculated results for hemispherical heads 
published in the paper by Watts and Lang [5]. A comparison of 
stress indexes computed at the junction of the head and cylinder 
by the two methods for several head-cylinder combinations is 
shown in Table 1. It should be pointed out that any solution 
based on a finite difference approximation to a differential equa- 
tion, as in the present solution, is inherently not an exact solu- 
tion. Hence it cannot be expected to reproduce analytical re- 
sults exactly. However, Table 1 shows agreement within about 
1 per cent which is adequate for engineering purposes. 

As a final check, several cases were compared to recent calcula- 
tions of ellipsoidal heads by Galletly [12]. Comparisons were 
made on the basis of the moments and shears which act at the 
junction of the ellipsoidal head and cylinder as calculated by the 
present method, and similar quantities obtained by Galletly using 
an entirely different numerical scheme, and are shown in Table 2. 
The agreement between the two sets of results is excellent.’ 


Presentation of Results 


Readers who wish to perform ellipsoidal pressure vessel head 
calculations on an IBM 704 computer may obtain copies of the 
code based on the previously described method of solution 
through the SHARE program of the IBM Corporation, using 
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Fig. 3 Measured and calculated circumferential stress indexes in an approximate ellipsoidal head model 
tested by Cooper, Smith, et al. [10] (8 = 2, D/t = 76, T/t = 1) 
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Fig. 4 Measured and calculated axial stress indexes in an exactly ellipsoidal head model tested by Fessler 
and Rose [11] (8 = 1.37, D/t = 10, T/t = 1, » = 0.5) 
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Table 1 Comparison of stress indexes obtained by the present calcula- 
tions and the calculations of Watts and Lang [5] for various pressure 
vessels with hemispherical heads 


STRESS INDEXES AT JUNCTION 
WATTS AND LANG 


PRESENT METHOD 
Axial 


axial Circumferential Circumferential 


Bit t Outside Inside} Outside Inside Outside Inside Geteide Inside 
32] 0.8] 1.0 | .5733 | .8583 |.6273 -6737 | 5763 | .8585 | .6293 
16] 0.8] 1.0 -6772 | .5728 | .6582 |.6268 -6822 | .5678 | .8569 | .8226 
20] 1.0) 1.0 | | .7h96 |.7L92 | .4952 | .7477 | 


161 1.611.0 2359 |.3691 | .5619 |.6079 =| .3862 | .5587 | .6029 
CYLINDER 
32 | 0.8 1.0 | | .6152 |.7954 -5318 =| 4682 | .6159 | .7968 
16 1.0 | .&4666 | .8150 |.7950 W631 | .6133 | .7912 
1.0 


1.6 -6879 


Table 2 Comparison of bending moments and shear forces at the head- 


« te-shell junctions of various pressure vessels with ellipsoidal heads as 


rae a from the present calculations and those of Galletly [12] (D/t = 
25, = 1) 


B Galletly Present Method 
tere Edge 

Rage Shear Edge Shear 

Moment Force 


0.24309 
0.80812 


0.82810 
1.45993 
2.77877 


2.50316 


reference [9] as identification. A description of the numerical 
method can be found in reference [9], which is available from the 
Office of Technical Services, Department of Commerce, Washing- 
ton 25, D.C. 

In order to enable designers to use the results of this work with- 
out using a digital computer, stresses were calculated for a series 
of vessels which covers most of the useful range of the shell 
parameters. All combinations of the following parameters were 
calculated: 


B = 3.0, 2.5, 2.0, 1.5, 1.0 
T/t = 2.0, 1.5, 1.25, 1.0, 0.75, 0.50 
D/t = 300, 100, 50, 25, 10 


It is of interest to note that all 150 of these cases required a 
total of less than five hours running time on an IBM 704 compu- 
ter. Table 3 shows the results of a typical case. It may be seen 
that axial and circumferential stresses are given for the inside and 
outside surfaces of both the head and the cylinder. The intervals 
are adequately close and are varied with the stiess gradient. 
The maximum angle shown in the Table is 85 degrees by virtue 
of the numerical procedure employed. It is not intended to imply 
that there is an opening at the crown. 

The results of the parametric study are given in Tables 4, 5, 
and 6 in the form of maximum stress and stress intensity indexes 
for the crown, knuckle, and cylinder. The ‘‘index’’ is a nondi- 
mensional value equal to the quantity being reported (stress or 
stress intensity) divided by the circumferential stress in the 
cylinder remote from the junction. 

The ‘‘stress intensity’’ is defined as twice the maximum shear 
stress and is the “equivalent” stress for the maximum shear theory 
of failure. Therefore, it has more significance than the stress 
components in the prediction of both yielding and fatigue failure. 
Two stress intensities are of interest: (1) The maximum stress in- 
tensity at any location through the thickness of the wall, and (2) 
the membrane stress intensity, based on the average of the stress 
components through the thickness of the wall. 
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Table 3 Results of a calculation on a typical two-to-one ellipsoida 


pressure vessel head (8 = 2, D/t = 25, T/t = 1) 


Ellipse - Dimensionless Stress to Pressure Rat. 


Axial 
(Deg.) Outside Inside 


80 

76.0 17.797 6.340 17.635 

72.0 17.669 6.336 17.398 5.948 
68.0 17.499 6.335 17.089 5.742 
64.0 17.278 16.696 5.486 
60.0 16.993 6.363 16.206 5.177 
$6.0 16.630 15.601 4.610 
52.0 16.167 14.861 4.380 
48.0 15.576 6.616 13. 3.885 
Ub.o 14.618 5.627 12.859 3.325 
40.0 13.847 7.157 11,525 2.705 
36.0 12.599 7.654 9.9Us 2.040 
32.0 11.004 8.387 7.987 1,361 
28.0 8.985 +432 5.721 0.723 
24.0 6.490 | 10.668 3.137 0.216 


16.5 0.545 -1.940 0.270 
16.0 0.1u2 15.086 0.325 
15.5 70.256 | 15.36h -2.547 0.387 
15.0 0.648 | 15.638 -2.835 0.457 
14.5 -1.033 | 15.908 0.534 
14.0 “1.409 | 16.172 -3.37h 0.619 
13.5 -1.773 | 16.428 -3.621 0.712 
13.0 92.125 16.674 -3.852 0.8611 
12.5 92.461 6.908 0.917 
12.0 2.780 | 17.129 -4.259 1.030 
11.5 -3.080 | 17.33k 1.148 
11.0 -3.358 17.520 561 1.272 


Ellipse - Dimensionless Stress to Pressure Ratios | 
Angle, & Axial Circumferential 
(Deg.) Outside Inside Outside Inside 
6.5 | 9 2.500 
6.0 4.361 17.778 4.492 
| 5.5 -4.22h | 17.576 “4.294 2.755 
5.0 | 17.319 -4..058 2.872 
-3.78k | 17. -3.782 2.982 
| 4.0 =3.475 | 16.630 -3.467 3.081 
3.5 =3.105 | 16.191 | 3.16 
3.0 -2.670 | 15.685 92.717) 3.2kh 
2.5 -2.168 | 15.109 -2..282 | +306 
2.0 -1.593 | 14.456 -1.812 3.346 
1.75 -1.279 | 14.101 -1.563 | 3.360 
1.50 0.949 | 13.729 -1 3.371 
1.25 0.601 | 13.33 1.035 3.378 
1,00 0.235 12.927 0.756 3.361 
0.75 | 12.496 0.469 3.379 
0.50 0.55: 12.044 | 3.371 
0.25 0.978 | 11.572 0.131 | 3.359 | 
0 1.413 11.087 | 3.343 | 
____Ehlipse to Cylinder Junction | 
(Distance, x | | | 
in.) : 
1.422 | 11.078 3.338 
0.432 4.750 | 7.750 2.738 3.638 
0.864 7.2 | 5.256 4.828 4.231 
1.296 9.02 | 3.476 6.677 5.013 
1.728 10.207 2.293 5.899 | 
2.160 10.905 | 1.595 9.618 826 
2.592 11.217 1,283 10.722 
3.024 11.237 | 1.263 11.603 6.611 
3.456 11,040 1.460 12.264 9410 
3.889 10.695 1.805 12.791 | 10.124 
4.321 10.255 | 2.245 13.149 10.746 
5.617 8.762 13.571 | 12.065 
6.913 7.484 5.016 13.439 | 12.699 
8.209 5.856 13.127 | 12.891 
9.505 6.207 | 6.293 12.832 | 12.857 
10.601 6.049 | 6.451 12.625 12.745 
12.097 6.043 | 6.457 12.509 12.634 
13.394 6.098 6.402 12.462 | 12.553 
690 6.162 6.338 12.454 12.507 
15.986 6.211 6.289 2. }12.u87 
17.782 6.259 12.477 | 


Table 4 shows the maximum stress index for each region of the 
vessel and also shows whether the maximum was axial or circum- 
ferential, and whether it occurred on the inside or the outside 
surface. The values in Table 4 are the maximum stress com- 
ponent divided by pD/2t. 

Table 5 shows the maximum stress intensity index found in 
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— 
2 
85.0 | 17.954 | 6.350 | 17.936 | 6.06 
| 20579 | 20.297 | 0.109 
jis +5807 | 18.0 1.766 | 13.967 -0.970 0.152 
17.5 1.358 | 1h.2h6 -1.300 | 0.184 
17.0 0.951 __| 14.526 62 0.22 
| 
| 
| 
= — = | 
1.5 0.82392 | 345 “4.035 “4.878 1.669 
2.0 20 .200 18,0 922 | 1,807 
“4 0 18.1 2.087 | 
3.0 | | 2.75990] 2.51607 | 18.091 | 21227 | 
| 7.0 18.032 “4.775 2.365 


E—axial inside. 


Table 4 Maximum stress indexes in various pressure vessels with ellipsoidal heads. A—equal axial 
stress on inside and outside, B—axial outside, C—circumferential inside, D—circumferential outside, 


Be 15 | 2.0 Ae 25 B= 3.0 
/¢\°/t Toro | Jct Cyl. || Crown | Knuck.| Cyl Crown Knuck. | Cyl. Crown |Knuck. | Cyl. || Crown | Knuck. | Cyl. 
10} 2.00} .22A} .52C || .35B] .55B}1.13E | .61E 1.408 || .58B | .65E | .66B] |1.81E 
1.50} .34B] .61C | 1.04D .72E |1.0LD -778 | 1.25E 9 -98E |1.53E || 1.06B on 1.76E 
1.25] .67C }1.04D | .76B] .cke |1.05D |} 1.035 |] 1.07B 1. 1.24B | 1.266 |1.LLB 1.418 | 1.708 
1.00} .51B .74D |1.03D || .99B] 1.018 }1.05D | 1.418 | 1.37E (1.06D || 1.74B | 1.69E |1.30E | 1.998] 1.968 | 1.58E 
0.75} .68B | .d9D }1.03D | 1.338] 1.258 |1.06D | 1.993 | 1.62E |} 2.5uB | 2.37E |1.09D || 3.008 | 2.868 |1.35E 
0.50} 1.00A |1.11D |1.01D || 1.90B | 1.702 |1.06D | 2.938 | 2.568 1.11D |} 3.958 | 3.476 |1.1LD | 4.398 | 
25)2.00} .268 | .SuC |} .51B| | .74B] .73E [1.508 -85E |2.03E 1.153 -95E | 2.U5E 
1.50} |} .63¢ {1.03D .67B} |1.05D | 1.01B 1.00E [1.318 |] 1.34B | 2.266 |1.79E | 1.633] 1.408 | 2.268 
1.25} .WOA | .68C }1.03D || .77B] |1.05D | 1.208 |1.20£ |1.12E |] 1.638 | 2.566 |1.58E 2.023] | 2.05E 
1.00} .50A | .75D |1.03D .92B £ |1.06D 1 1.U5E 1.09D 2.008 | 1.966 |1.27E | 2.533] 2.468 | 1.71E 
0.75) .67A | .89D |1.02D || 1.168] 1.18B }1.07D | 1.778 |1.80E |1.11D |] 2.49B | 2.50E |1.178 | 3.25E | 1.208 
0.50 1.00A }1.11D |1.01D || 1.64B} 1.5dE |1.07D | 2.398 |2.42E |1.19B |] 3.278 | 3.39E 11.518 4.26B| 4.43 | 1.778 
50}2.00}) | }1.0LD .L6B] .56E |1.11E | .72B] .76E 111.008 | .95E |2.10E | 1.27B| 1.12E | 
1.50} .33A | .63C }1.03D .58B] |1.05D | .89B |1.01E 1.2bB | 1.32E |1.73E | 1.63B] 1.65E | 2.318 
1.25} .LOA | .68C |1.03D .81E |1.06D | 1.018 |1.08D 1.418 | 1.59E 1.83B| 2.00E|1.97E 
1.00 -75D |1.03D || .82B] .93E |1.06D | 1.19B 1.10D. 1.648 | 1.9LE /1.13B | 2.15B| 2.53E | 1.53E 
0.75 | .67A | .89D |1.02D |, 1.078] 1.12E |1.07D | 1.513 }1.69E |1.12D 2.008 | 2.318 |1.3uB | 2.578| 3.19E | 1.568 
0.501 1.11D /1.01D || 1.57B] 1.50¢ |1.08D || 2.17B |2.26E (1.27D |] 2.798 | 3.22E |1.69B | 3.46B| 4.27E | 2.098 
100} 2.00; | .5UC {1.04D | .56E |1.0dE -60B | .75E 818 -96E |2.01E | 1.08B} 1.198 | 2.668 
1.50 |, .33A | .63C |1.03D || ..53B] .69B |1.06D | .75B | .97E /1.13D 1.008 | 1.318 |1.60E | 1.268! 1.676 |2.18E 
1.25} | . 1,03D | .63B] .78E |1.06D | .88B |1.12B |1.09D |] 1.15B | 1.55E |1.30B | 1.463] 2.00B | 1.788 
1.00, .50OA | .75C }1.03D || .76B] .89E 1,07D | 1.06B |1.30B /1.11D 1.398 | 1.858 |1.22B | 1.728 | 2.U5E | 1.41B 
0.75) .67A | .89D }1.03D |; 1.03B] 1.06 |1.070 1.428 11.57B {1.168 1.618 | 2.268 |1.L7B | 2.228 | 3.078 | 1.77B 
0.50 2.008 1.110 {1.012 | 1.53B] 1.43B |1.08D | 2.08B |2.11B |1.32B 2.658 |-3.05D |1.83B } 3.22B -4.LhD | 2.343 
300 | .25a | .SUC | .39B] .5uE |1.05D | .53B | .70E |1.35E |] .67B -93E |1.82E .62B | -1.260 | 2. 
1.50 |} .33A | .63C .51B| |1.06D | | .90£ 1.09D .86B | |1.35E | 1.078 | -1.79D 
1.25 .WOA | .69C ]1.03D | .61B] .74E [1.06D .83B |1.03B /1.10D 1.058 |1.168 | 1.208 | -2.20D | 1.46E 
1,00) .50A | .75C }1.03D | .76B/ .85E /1.07D | 1.038 |1.19B |1.12D |] 1.308 |-1.67D |1.34B | 1.58B | -2.82D | 1.623 
0.75] .67A | .91D |1.02D 1-00) 1.008 (1.10D | 1,358 1.228 1.738 |-2.52D ]1.54B } 2.098 | -3.81D | 1.978 
0,50 }1.,00A j1.11D }1,01D | 1.51B} 1.70B (1.08D | 2.013 ]2.663 1.40B 2.57B |-3.81D /1.86B 3.188 | -5.89D | 2.278 


with ellipsoidal heads. i—inside, *—outside. 


B= 10 Be 2.0 Ae 25 30 


T/e crow | cyl. Crown |Knuck.| Cyl. | Crown 


10|2.00} .bli | .724 ‘1.214 358 | -754 }1.334 | | .814 1.61% | | .654 | 1.834 | 2.014 
1.50] .u9i | .814 1.214 
1.25] .564 | .871 1.214 | .76@ 
1.00} | (1.214 (1,214 
0.75} |1.214 | 1.33# |1.454 
0.50} 1.201 [1.274 [1.201 || 1.908 |1.904 
25/2.00] .32i | .614 | 
1.50] | .714 | 1.094 .624 
1 
1 
1 
1 
1.07# | 1.51# | 1.964 | | 2,00" | 3.034 | | 2.57* | | 1.804 
1,068 | 2.17@ | 2.871 | 1.27% | 2.79# | | 1.69% | 2.098 
100| 2.00} .271 .564 | .S84 (1.101 608 | .784 | 1.164 | 2.031 | 1.068 | 1.544 | 2.661 
1.50{ .354 | .654 |1.03® |  .714 | 1.060 -75# | 1.074 | 1.154 | 1.008 | 1.634 | 1.621 1.268 2.194 | 2.2h4 
1.25] .u2i | | 1.03" | .604 | .68@ | 1.291 | | 1.15" | 2.001 | 1.354 | | 2.714 | 2.114 
1.00} .52i | .774 | | | | 1.614 | 1.12% | 1.39% | 2.534 | 1.234 | 1.72" | 3.454 | 1.964 
0.75 | .694 | |1.034 1.03# [1.084 /1.07@ | 2.101 | 1.16 | 1.61® | 3.344 | | 4.614 | 1,874 
0,50 1.024 |1.11# |1.021 | 1.080 2.088 | 3.074 | 1.32% | 2.65% | h.914 | 1.83" | 3.22” | 6.77 | 2.708 
300} 2.00] .261 | .Ski | | .Shi [1.058 .681 (1.364 | 1.374 | 1.834 | 1.894 | 
1.50] | | | .674 | 1.060 1.171 | 1.09% .68% | 1.874 | | 1.07" | 2.624 | 2.208 
1.25] | .691 [1.03 | .754 1.394 | 1,108 | 1.05* | 2.261 | 1.264 | 1.28* | 3.191 | 2.074 
1.00 |1.03 | .76@ | [1.07# | 1.714 | 1.12@ | 1.308 | 2.614 | 4.014 1.954 
0.75 | | 1,02@ | 1.014 | 1,084 |1.10" | 1.35) 2.201 | 1.22 | 1.73" | 3.724 | | 2.09" | 5.324 | 1.978 
0.50 1008 1.70# |1,06# | 2.01#| 3.221 | 1.40" | 2.57" | 5.501 | 1.868 | 3. 6.134 | 2.27* 


each region of the vessel and also indicates whether it occurred 
on the inside or the outside surface. The stress intensity at any 
point is the largest of the absolute values of the quantities 


The stress intensity index is this largest value divided by pD/2t. 

Table 6 shows the maximum membrane stress intensity index 
found in each region of the vessel. For several cases, including 
all of the hemispheres, there was no pronounced peak of mem- 
brane stress intensity in the knuckle region. Since the knuckle is 
not an accurately defined region in an ellipsoidal head, the maxi- 
mum stress in the knuckle is not always a clearly defined quan- 
tity either. Whenever this ambiguity arose, the membrane 
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stress intensity index at the head-to-cylinder junction was used. 
The membrane stress intensity at any point is the largest of the 
absolute values of the quantities 


1 1 
9 + 03; (Fre + oy; + Pp); 


1 
+ Ox, — Fy. — 


The membrane stress intensity index is this largest value divided 
by pD/2t. 

It should be noted that the radial stress is assumed to be —p 
on the inside surface, 0 on the outside surface, and —p/2 at the 


FEBRUARY 1961 / 39 


Table 5 Maximum stress intensity indexes in various pressure vessels [IIRIIIEIIIIIIs 
| | 
| 


middle surface of the vessel. This approximation is correct within 
0.8 per cent for D/t > 10. With this approximation, the mem- 
brane stress intensity in the cylinder remote from the junction 
becomes pD/2t. Therefore the stress intensity indexes reported 
in Tables 5 and 6 are based on the membrane stress intensity in 
the cylinder remote from the junction. 


Discussion of Results 


Some interesting facts shown by Tables 4, 5, and 6 are as 
follows: 

1 If the head is thicker than the attached cylinder, the in- 
dexes are generally highest in the cylinder. 

2 For the lower 6 vaiues, the maximum stress index in the 
head generally occurs on the inside surface of the knuckle. For 
8 > 2, the maximum stress index in the head occurs at the crown 
for heads mounted on relatively thick cylinders and at the 
knuckle for heads mounted on relatively thin cylnders. For 
vessels with D/t = 300 and 8 > 2.5, the maximum stress index 
at the knuckle is compressive. ‘ 


Table 6 Maximum membrane stress intensity indexes in various pressure vessels with ellipsoidal heads. 
j indicates there was no peak in the knuckle region and the value given occurs at the junction. 


3 For all 8 values, the maximum stress intensity index in the 
head generally occurs at the knuckle. 

4 For 8 = 1.5, the maximum membrane stress intensity in- 
dex in the head occurs at the crown. For 8 > 2, the maximum 
membrane stress intensity index in the head occurs at the crown 
for heads mounted on relatively thick cylinders and at the knuckle 
for relatively thin cylinders. 

5 There is a general rise in the indexes as @ is increased; i.e., 
as the heads get flatter. 

6 For hemispheres (8 = 1), the highest indexes (all types) 
in the head occur at the junction of the head and the cylinder. 
However, except for 7'/t = 0.5, the cylinder stress indexes a short 
distance from the junction are even greater than the indexes in 


the head. 


To indicate the behavior of the various quantities appearing 
in Tables 4, 5, and 6, several curves have been plotted. Fig. 6 
shows the maximum stress intensity index at the knuckle of a 
two-to-one ellipsoidal head as a function of 7/t for various 
values of D/t. Fig. 7 shows the membrane stress intensity index 


Be 1.0 Ae 15 B= 2.0 B= 25 B= 30 
D/t | Jet. | Cyl. | Crow| Kmuck.| Cyl. || cr Knuck| Cyl. | Crown |Kmmck.| Cyl. || Crown| Knuck.| Cyl. 
10} 2.00} .32 | .60 {1.12 -3h 1.13 | 1.23 | | 2.23 
1.50] | .69 [1.12 -47 .53 | 1.12 | 1.13 -51 | | 1.13 | | 1.23 
1.25] | .76 {1.12 -58 | .57j | 1.12 -62| | 1.23 | | 1.12 -65 | .56 | 1.13 
1.00] .60 -64 | 1,12 -61j | 1.13 -82 | .603 1.13 86 -60j | 87 -60j | 1.14 
0.75] .77 | .97 |1.12 1.02 | 11.13 1.19] .773 | 1.29 | | 1.33 | «779 | 1215 
0.50 }1.10 |1.19 |1.10 1.57 | 1.203 /1.23 1.952.103 | 1.26 2.23 2.43 | 1.72 | 1.38 
25 | 2.00] .29 11.06 | 1.07 +43 | .293 1.07 | 305 | 1.08 | .37 | 1.08 
1.50] .38 | .65 {1.06 | | 1.07 -63 | .373. | 1.08 -70 | .u8 | 1.08 -75 | .57 | 1.09 
1.25] | .71 |1.06 -63 +463 | 1.07 -78 | 1.08 -90 65 1.09 98 -77 1.06 
1.00} .Sh | .79 {1.06 -79 .5kj|21.07 1.02] .70 1.09 1.20 | .9h | 1.09 1.3k | 1.13 | 1.10 
0.75} .71 | .91 |1.05 | .713|1.08 1.37 1.05 1.10 1.68 [1.45 | 1.12 | 1.76 | 1.15 
0.50 }1.00 [1.13 |1.0h 1.54 | 1.04j}1.08 2.05 2.73 1.12 2.57 [2.43 | 1.15 3.07 | 3.02 | 1.67 
50/2.00] .27 | .53 |1.0h +39 | 1.05 1.06 -60 | .50 | 1.07 -68 | | 1.08 
1.50] .35 -63 |1.04 -40j | 1.05 -69 | .55 1.06 -77 1.07 1,08 
1.25] | .69 |1.04 -62 | | 1.05 .72 1.06 1.03 |1.00 | 1,08 | 1.21 | 1.26 | 1.09 
1.00} .52 | .77 .523] 1.05 1.03] .9b 1.07 1.29 |1.35 | 1.09 1.54 | 1.69 | 1.19 
0.75} .69 | .89 [1.03 1.02 | .693/1.06 | 1.09 |] 1.71 [1.93 | 1.12 2.06 | | 1.52 
0.50 } 1.02 {2.1 1,02 1.52 | 1.023] 1.06 | 2.022. 1.11 2.53 | 3.08 | 1.35 3.05 | 3.96 | 2.05 
100} 2.00] .26 | .52 |1.03 | 1.04 .u8 1.04 -65 | .70 | 1.06 | .90 | 1.07 
1.50] .3h | .62 /|1.03 .38j 1.08 -68| .70 1.05 -85 |1.02 | 1.07 1.03 | 1.32 | 1.08 
1.25] | .68 [1.03 -61 | | 1.04 81] .88 1.06 1.02 | 1.29 | 1.07 | 1.23 | 1.67 | 1.20 
1.00] | .76 |1.03 .56 | 1.01 1.07 1.26 | 1.69 | 1.09 | 1.52 | 2.21 | 
0.75] .68 -68 | 1.02 1.01 | 1.05 1.34 1,08 1.68 | 2.36 | 1.15 2.01 | 3.11 | 1.76 
1.10 [1.01 1.51 | | 1.05 2.01 1.10 2.51 | 3.68 | 1.68 3.02 | 4.87 | 2.32 
300} 2.00} .25 51 2 | 1.03 .63 1.04 
1.50] | .61 -50 | | 1.03 .67| .88 1.05 
1.25} |1.02 -60 -50 | 1.04 -80 /1.07 1,06 
1.00] .50 | .75 |1.02 +75 | .62 | 1.04 1.00/1.35 1.07 
0.75| | 41.02 |} 1.00} | 1.06 | 1.08 
0.50} 21.00 | 2.09 | 1.01 || 1.50 | 1.23 | 1.05 | 2.00 2.76 1.10 
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T/t ~ RATIO OF HEAD THICKNESS TO CYLINDER THICKNESS 
Fig. 6 Maximum stress intensity index at the knuckle of a two-to-one ellipsoidal head 
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at the crown of a two-to-one ellipsoidal head as a function of T'/t 
for various values of D/t. Figs. 6 and 7 indicate very little varia- 
tion of the plotted quantities with D/t. Fig. 8 shows the maxi- 
mum stress intensity index at the knuckle of an ellipsoidal head 
for which D/t = 50 as a function of 8 for various values of 7'/t. 
Fig. 9 shows the membrane stress intensity index at the crown of 
an ellipsoidal head for which D/t = 50 as a function of 8 for 
various values of 7'/t. The behavior of the quantities shown in 
Figs. 6 to 9 is considered to be typical of the behavior of all the 
data. Hence more curves have not been presented. 

The maximum stresses and stress intensities may be found for 
any given design by interpolation between the values given in 
Tables 4, 5, and 6. For very thin walled vessels (D/t > 300), 
the deflections have a significant effect on the shape and the 
actual stresses will probably be lower than those calculated by 
the method described here. As mentioned previously, the thin 
wall theory is already questionable when applied to shells with 
D/t = 10 and should not be used for any lower values. The cal- 


culated results do not give much encouragement for the use of 
ellipsoidal heads flatter than 8 = 3 since the stresses will be high 
in either the head or the cylinder regardless of the head thickness 
used. The flatter heads can, of course, be used at reduced pres- 
sure, 

The optimum head thickness for an unperforated vessel would 
be one which equalized the stresses in the head and the cylinder. 
Values of 7'/t far from the optimum are useful for cases where 
either the head or the cylinder must be perforated. If the vessel 
is to be perforated, the curves of Fig. 10 should be used as a 
guide in locating the perforations away from locations of high 
stress intensity. 


Stresses in ASME Code Designs 


As a check on the rules given in the ASME Boiler and Pressure 
Vessel Code [13] for the design of ellipsoidal heads for pres- 
sure vessels, several cases were worked out using the rules and 
formulas of Section VIII, paragraphs UG-27 and_UA-4,“of the 
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Fig. 7 Membrane stress intensity index at the crown of a two-to-one ellipsoidal head 
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Fig. 8 Maximum stress intensity index at the knuckle of an ellipsoidal 
head as a function of 8 for D/t = 50 
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Code. The Code formula for the thickness of the cylindrical 
portion of a pressure vessel for a given inside radius R and pres- 
sure p is 


pR 


(19) 


In equation (19), S is the maximum allowable working stress 
of the material as given in the ASME Code and F is the lowest 
efficiency of any joint in the cylinder (selected to be unity here). 
The Code gives a similar formula for the thickness of the 
ellipsoidal head, as follows: 


(20) 


(21) 


Examples were worked out using design pressures of 3900, 
1600, 800, 400, and 133 psi, with an inside radius of 24 inches 
specified for the cylindrical portion of each vessel. D;/2h values 
of 3.0, 2.5, 2.0, 1.5, and 1.0 were selected for the ellipsoidal heads. 
The material was assumed to be SA-302 Grade B steel for which 


4 


z 
= 


25 


Fig. 9 Membrane stress intensity index at the crown of an ellipsoidal 
head as a function of 3 for D/t = 50 


the ASME Code gives S = 20,000 psi. Equations (19), (20), 
and (21) were utilized to calculate the Code thickness uf the cylin- 
der and the head for each case. Subsequently, Tables 4, 5, and 6 
were used to determine the stresses and stress intensities in the 
Code designs. The results of the study are shown in Table 7. 
Note that the D,;/2h values are not exactly equal to the B values 
since the former is a ratio of the inside surface dimensions of the 
head and the latter is a ratio based on middle surface dimensions. 

The Code designs given in Table 7 might be evaluated in 
various ways, since no criteria for localized and bending stresses 
have attained general acceptance. The criteria described here 
appear reasonable to the authors and have been used in the de- 
sign of some equipment for nuclear power plants. (See reference 
{14].) Other criteria might also be used, and discussion on this 
point is solicited. 

Stress intensities are compared to a limit taken as 90 per 
cent of the yield strength of the material of which the vessel is to 
be made. This will insure that no permanent set occurs at the 
operating pressure of the vessel. Membrane stress intensities 
are compared to a limit taken as the lower of one third of the 
ultimate strength or five eighths of the yield strength of the ma- 
terial. This criterion is suggested by reference [14] and ASME 
Code Case 1205-3 on streamlined pressure vessels. For SA-302 
Grade B steel, which was assumed to be the material for the cal- 
culations, the limits are as follows: 


Temp, 
deg 1/3 U.TS., 5/8 YS., 0.90 Y.S., 
F psi psi psi 
70 27,000 31,250 45,000 
700 27,000 27,000 38, 700 


The data of Table 7 indicate that, for the 70 F operating tem- 
perature, four Code designs are questionable, as follows. In the 
designs for which p = 800 psi and D,/2h = 3.0, and for which 
p = 400 psi and D;/2h = 3.0, the limit on the stress intensity is 
exceeded in the cylinder. To remedy this situation, the heads 
in these two designs should be made thinner. Table 8 shows the 
stresses in the 800-psi vessel with a thinner head than the one 
given by the ASME Code, and indicates that the vessel with the 
thinner head is satisfactory. Similarly, a reduction in the thick- 
ness of the head of the 400-psi vessel will achieve a satisfactory 
design for that pressure. In the design for which p = 133 psi and 
D,/2h = 2.5, the limit on the membrane stress intensity is ex- 
ceeded in the knuckle. In this case the head should be made 
thicker. Table 8 shows the stresses in a 133-psi vessel with a 
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Fig. 10 Stress intensity indexes for a typical two-to-one ellipsoidal head (D/t = 25, T/t = 1, L = 17.3 inches) 
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head thicker than that specified by the ASME Code, and it is seen 
that the vessel is now satisfactory. In the design for which p = 
133 psi and D,/2h = 3.0, the limit on stress intensity is exceeded 
in the cylinder and the limit on membrane stress intensity is ex- 
ceeded at the knuckle. This design cannot be improved by any 
change in head thickness. The only courses of action available 
are to derate the vessel or to make the cylindrical portion thicker. 

If the operating temperature were raised to 700 F, an additional 
Code design would become unsatisfactory; namely, the one for 
which p = 1600 psi and D,/2h = 3.0, in which the limit on stress 
intensity is exceeded in the cylinder. This design could be im- 
proved by reducing the thickness of the head. It is interesting 
to note, however, that the previously described reduction in 
thickness of the 800-psi vessel head does not make that vessel 
satisfactory for operation at 700 deg. As a matter of fact, no 
changes in head thickness will make that design satisfactory for 
operation at the elevated temperature. The vessel would thus 
have to be derated or the thickness of the cylindrical portion of 
the vessel would have to be increased for safe operation at 700 F. 

Note that, if the material properties were different from those 
assumed, a different set of Code designs might become unsafe. 
The higher the ratio of yield strength to ultimate strength, the 
better the chance of a design being satisfactory. 

Some attempts were made to devise a modification of the Code 
formula for the ellipsoidal head which would give better designs, 
but the fact that acceptability depends on material properties 


Table 7 Stresses and stress intensities in various pressure vessels with ellipsoidal 
heads designed in accordance with the ASME Code Formulas 


made this difficult. Also, it has been noted that some of the 
flatter heads require thickening whereas others should be made 
thinner. Study of Table 7 does indicate, however, that for D/t 
< 100 the designs would all be better if K in the Code formula 
were taken as equal to D,/4h instead of the value given in equa- 
tion (21). For D/i > 100, this rule produces heads which are too 
thin. 

Table 7 also indicates that membrane stress intensities, higher 
than the Code allowable stress of 20,000 psi for the material as- 
sumed in the calculations, appear in every design. This is 
probably of no consequence in the regions of high stress gradient, 
such as the knuckle and cylinder, but is more serious at the 
crown where this high stress intensity exists over a relatively 
large region. 

The standard two-to-one ellipsoidal head recommended in 
paragraph UG-32(d) of the Code appears to be an excellent de- 
sign at all pressure levels. 


Conclusions 


1 A digital computer program to solve the Love-Meissner 
equations for an ellipsoidal pressure vessel head has been made 
available. This program was used to calculate tables of design 
data presented herein for pressure vessels with 10 < D/t < 300. 

2 It has been found that the ASME Code gives satisfactory 
designs for ellipsoidal pressure vessels with 8 < 2. For heads 
with 8 > 2, some improvements are required. 


MEMBRANE 
STRESS STRESS INTENSITY STRESS INTENSITY 
/en| | 2 Crown | Knuck. | Cyl. | Crown | | Cyl. | | Kwek. | Cyl. 
p © 3900 psi R © 2h in t = 5.30 in. D/t = 10 
1.0 |1.00 2.53] 20,065 | 22,035 19,700'| 2h,000 | 25,155 | 23,400 21, 
1.5 1.45 | 3.51} 28,860 | 26,715 | 20,670 || 26,665 | 30,420 | 23, 22,035 
2.0 1.83 | 4.82 | 26,275 | 26,910 | 20,865 || 28,275 | 30,810 | 23,985 22,230 
2.5 (2.12 | 6.39} 22,425 | 22,815 | 23,400 || 22,425 | 26,325 | 27,495 22,035 
3.0 12.29 | 8.21) 14,820 | 16,575 | 25,935 || 14,820 20,75 | 294835 9 
p = 1600 psi R= 24 in. = 2.02 in. t* 
1.0 11.00 | 0.991 20,000 | 22,200 | 20,200 | 21,600 | 21,400 | 21,600 |] 20,000 | 22,600 |20,800 | 
1.5 |1.4d | 1.39 | 25,200 | 25,400 | 21,400 | 25,200 | 26,800 | 22,000 } 24,400 | 16,000 | 21,600 
2.0 |1.93 | 1.94 | 28,400 20,800 | 21,800 || 26,400 | 30,400 | 22,400 | 20,800 | 14,600 | 22,000 
2.5 |2-22 2.62 | 28,400 | 27,600 | 29,000 || 28,400 29,200 | 30,600 17,600 | 11,000 | 21,800 
3.0 | 25,200 | 23,000 | 40,400 |} 25,200 24,600 | 2,000 12,400 | 8,600 | 21,600 
p = 800 psi R = 2k in, t © 0.98 in. D/t = 50 
1.0 [1.00 | 0.49 | 20,000 | 22,200 | 20,200 || 20,800 | 22,200 | 20,800 | 20,400 | 22,200 |20,h00 
1.5 |1.l9 | 0.69 | 23,400 | 24,000 | 21,400 || 23,400 | 24,800 | 21,400 | 22,400 | 15,200 | 21,200 
2.0 |1.96 | 0.96 } 23,200 | 27,000 | 22,000 || 23,200 | 26,800 | 22,000 | 20,000 | 18,200 | 21,00 
2.5 |2.41 | 1.31 | 25,800 | 28,400 | 29,00 || 25,800 | 30,800 | 30,200 || 18,600 | 17,400 | 21,600 
3.0 |2.80 | 1.74 | 26,000 | 25,000 | 45,800 || 26,000 | 27,400 | 46,600 | 15,400 | 14,400 | 21,600 
p = 400 psi R= 2h in t = 0.l9 in, D/t = 100 
1.0 /1.00 0.24 | 20,000 22,200 | 20,200 20,400 | 22,200 | 20,400 20,200 | 22,200 20,200 
1.5 |1.49 |0.3k | 23,000 23,000 | 21,600 |} 23,000 | 23,400 | 21,600 | 22,600 | 16,800 | 21,000 
2.0 |1.98 | 0,48 | 21,600 | 26,000 | 22,200 |! 21,600 | 32,200 | 22,200 | 20,200 | 22,800 | 21,400 
2.5 |2.45 | 0.66 | 21,200 | 28,200 | 27,800 |} 21,200 | 35,800 | 28,600 | 18,600 | 22,800 | 21,400 
3.0 |2.90 |0.87 }| 22,800 |27,200 |i6}000 22,800 | 34,800 | 47,200 | 17,000 | 20,600 | 21,600 
R © 2h in. t © 0.16 in, 
1.0 |1.00 |22,170 20,129 22,170 | 20,148 21,911 | 20,111 
1.5 |1.50 [0.11 | 21,980 |21,560 21,509 || 21,982 |21,699 | 21,509 } 21,809 | 17,836 | 20,838 
2.0 |1.99 |0.16 } 20,370 |23,480 22,300 || 20,370 | 33,660 | 22,300 || 19,900 | 26,680 | 21,280 
2.5 |2.48 [0.22 19,150 | 26,530 |24,940 || 19,150 | 40,700 | 26,730 | 18,150 | 29,730 | 21,5k6 
3.0 |2.96 |0.29 } 17,960 |284530 |43,290 || 17,960 | 42,290 | 45,890 | 16,560 | 294330 22,740 


Table 8 Stresses and stress intensities in vessels with head thicknesses different 
from those given by the ASME Code Formulas 


H MEMBRANE 
STRESS _ STRESS INTENSITY STRESS INTENSITY 
D H | | 
| “en | 4 | T Crow | Kmck. Cyl. Knuck. | Cyl. || Crown | Knuck, | Cy. 
p 800 psi R= 2h t 0.98 in. = 50 


3.0 | 1435 | 32,000 | 34,000 {39,400 | 32,000 | 38,200 | 0,200 | 20,800 | 20,800 | 21, 800 


p = 133 psi R = 24 in. 


t = 0.16 in. Dr = 30 


| 
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3 It is recommended that, for vessels with D/t < 100, the K 
factor in the ASME Code formula for ellipsoidal heads be re- 
defined as follows: 

D. 
K=— 
4h 
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DISCUSSION 
_L. M. Cassidy® 


In an attempt to verify the calculated stresses of the paper, the 
numerical integration scheme described by Galletly and Radok 
{15} was used. Figs. 11 and 12 show calculated stresses in an 
approximate ellipsoidal model analyzed by the authors in Figs. 
2 and 3. Calculations were made using a boundary condition of 
zero slope and shear at 5 and 10 degs, respectively. The two 
curves differ only near the boundary as expected. The agree- 
ment with Figs.-2 and 3 is also good, except near the crown or 
boundary. 

I would appreciate an explanation from the authors concerning 
their method of calculation of stresses near the crown of the el- 

5 Stress Engineer, Applied Mechanics Section Research and De- 


velopment, Electric Boat, Division of General Dynamics Corp., 
Groton, Conn. Assoc. Mem. ASME. 
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—— Axial Stress Index 
Circumferential 
Stress Index 


Fig. 11 Boundary at 5 deg 
Calculated stress indexes in an ellipsoidal model 
B = 2; T/t = 1; D/t = 76 


STRESSES IN CYLINDER 
IDENTICAL TO PIG.11 


—— Axial Stress Index 
Stress Index 


Fig. 12 Boundary at 10 deg 


lipse. Could the discrepancy in results at the crown be an in- 
herent difference in the finite difference approximation and the 
numerical integration means of solution for small angles, or 
possibly the authors’ use of a boundary condition at a given angle 
@ other than zero slope and shear? 

Have the authors found a convenient method for analyzing the 
bending stresses at the crown of the ellipsoidal shell? Because of 
the discontinuity at 6 = 0 deg, it is possible that a separate calcu- 
lation of influence coefficients for a small angle dished sphere is 
required along with a compatibility analysis with the remaining 
shell. 


Reference 


15 G.D.Galletly and J. R. M. Radok, ‘‘On the Accuracy of Some 
Shell Solutions,”’ Journal of Applied Mechanics, vol. 26, TRans. 
ASME, Series E, vol. 81, 1959, p. 577. 


G. D. Galletly® 


The authors are to be commended for their efforts in producing 
the present paper. The elastic design of complete ellipsoid- 
cylinder junctions under uniform internal pressure will now be on 
a firmer theoretical basis. Also of interest to the profession is the 


® Shell Development Company, Emeryville, Calif. Assoc. Mem. 
ASME. 
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fact that the authors’ computer program is available through the 
IBM SHARE program. 

The writer would like to point out that a relatively accurate 
solution of the differential equations for the bending of thin ellips- 
oidal shells does exist (due to Naghdi and de Silva [16]’), al- 
though it is fairly tedious to use. The accuracy of this solution 
has recently been discussed by Galletly and Radok [17]. 

There are a number of points in connection with the design of 
ellipsoidal shells which the writer would like the authors’ views 
upon. Some of these are not directly related to the authors’ work; 
nevertheless, they may be of importance in practice. They are: 


1 Buckling under internal pressure. There have been reports 
of thin 3:1 ellipsoidal shells failing under internal pressure due to 


' circumferential buckling. Do the authors know of any experi- 


mentally validated theories for predicting this type of failure? 
Or do they have any ideas on the 8 and D/T ratios when it be- 
comes important to consider the possibility? The writer ap- 
preciates the fact that if there are no experimentally validated 
theories, then one does not know, at this stage, whether a small or 
a large-deflection buckling theory is necessary. 

2 Instead of using a permissible stress basis for designing el- 
lipsoidal or other types of shells one could use the limit load 
technique as given recently by Drucker and Shield [18]. It would 
be necessary, of course, to determine the load factors to be used 
with this approach. However, these are being determined for 
other steel structures and could be found for pressure vessels. Do 
the authors have any preference for the elastic or plastic design 
methods? 

3 As is customary in elastic shell theory, the authors have 
neglected residual, welding, and out-of-roundness stresses. The 
writer would appreciate the authors’ comments on how these 
might be assessed for design purposes. 

4 The authors mention that for the higher D/T ratios it 
would be necessary to use a large-deflection theory of shells; this 
is because the deflections will (if the pressure is high enough) be 
considerably larger than the shell thickness. Presumably the 
authors checked this point in analyging the shells investigated by 
them. However, they do not present this data. The writer be- 
lieves it would be instructive to give some representative data on 
this point, particularly for the thinner shells. 

5 As the authors are aware, one has to be careful in using the 
computer, otherwise accuracy is lost due to round-off errors. In 
the writer’s experience, more care is needed with the higher D/T 
ratios than with the lower values. The table given by the authors 
(Table 2), showing the good correlation between their results and 
the writer’s, is for a relatively thick shell (D/T’ = 25). The 
writer believes it would be useful if the authors prepared a similar 
tabulation for the corresponding quantities which were communi- 
cated to them by the writer for a thinner shell (D/T = 300, 8 = 
2). (See also Reference [19].) He would also appreciate any ad- 
ditional comments the authors might have regarding computa- 
tional accuracy using computers. Some of the writer’s experience 
on this problem is given in the paper by Galletly, Kyner, and 
Moller [20]. 
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20 G. D. Galletly, W. T. Kyner, and C. E. Moller, ‘Bending of 
Ellipsoidal Shells and Numerical Methods,” to be published. 


Authors’ Closure 


The authors wish to thank Messrs. Cassidy and Galletly for 
their highly pertinent discussions. 

Mr. Cassidy’s solutions involve two ellipsoidal heads with small 
openings at their crowns. The authors’ solution pertains to ellips- 
oidal heads without any openings at their crowns. Hence, the 
results of Mr. Cassidy’s analysis are bound to disagree with the 
results of the authors’ analysis. The method which was used 
by the authors to apply the conditions of zero slope and shear at 
the top of the ellipsoidal head (@ = 0) is too complex to be de- 
scribed here. However, a report is available in which the de- 
tails of the authors’ numerical method are described (see reference 

In answer to Dr. Galletly’s questions, the authors have the 
following comments, which are given with the same numbers as 
the questions: 


1 The authors do not know of any adequate theories, experi- 
mentally validated or not, for the prediction of buckling failures 
of ellipsoidal shells under internal pressure. An adequate theory 
is urgently needed. 

It may be assumed that buckling in the knuckle of a dished 
head can be a problem only when the circumferential stress in 
that region, averaged through the thickness of the head, is com- 
pressive. Also, it is to be expected that the thinner and shallower 
heads are more apt to buckle than thick, high-domed heads. 
Table 4 of the paper shows that high compressive circumferen- 
tial stress indexes occur in the knuckles of several shells with D/t 
> 100 and B > 2.5. Reference to the computer print-outs (not 
given in the paper) shows, however, that ihe average circumferen- 
tial stress can be compressive for even lower values of D/t and B. 
For example, this condition was found in the solution for the case 
B = 1.5, D/t = 100, T/t = 1.5, and also for the case B = 2.5, 
D/t = 10, T/t = 0.5. 

2 The choice between a “permissible stress’? basis and a 
‘limit load’’ technique depends on what type of failure the de- 
signer is worried about. For determining whether or not a 
fatigue failure is possible, the elastic analysis should be used to 
determine the maximum stress intensity (Table 5 of the authors’ 
paper) and this value compared with fatigue data for the ma- 
terial. If the calculated stresses are beyond the yield strength 
and the required cycles are less than about 20,000, strain-fatigue 
rather than stress-fatigue data should be used. If small deforma- 
tions will affect the proper functioning of the vessel, permissible 
upper limits should be assigned to not only the maximum stress 
intensity (Table 5) but also to the membrane stress intensity 
(Table 6). If the designer is only worried about gross failure such 
as buckling or bursting, plastic analysis and limit load techniques 
are indicated. 

3 Residual, welding, and out-of-roundness stresses can be im- 
portant in evaluating the danger of failure from high-cycle fatigue 
and from brittle fracture. In the usual case of a vessel made of 
ductile material which is cycled less than about 20,000 times dur- 
ing its lifetime and which operates well above its transition tem- 
perature, stresses of this type may be safely ignored. 

4 With regard to the authors’ statement that “for very thin- 
walled vessels (D/T > 300), the deflections have a significant ef- 
fect on the shape,’’ an investigation was made by use of the mem- 
brane theory of shells as applied to a complete ellipsoid of revolu- 
tion on pp. 364-365 of the text by Timoshenko [6]. The mem- 
brane theory was used to derive the following expression for the 
deflection w at the crown of an ellipsoid of revolution: 


wi (pD\ _, (2 
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Assuming that the material is steel and that pD/2T = 20,000 
psi, the deflections at the crowns of two shells with D/T’ = 300 
and with 8 values of 2 and 3 were calculated with the preceding 
formula to be 


w=0.14T for 8 = 2, D/T = 300 
w=031T  for8 = 3,D/T = 300 


Ii is to be expected that, with bending effects included, these 
values would be reduced somewhat. The figures indicate that it 
would have been more appropriate to state that for the thinner, 
fiatter ellipsoidal heads the deflections begin to be an appreciable 
fraction of the shell thickness at D/T > 300. Since the deflec- 
tions are still small relative to the diameter of the vessel, it is 
possible that the solution is valid for vessels much thinner than 
D/T = 300. 

5 In writing the first version of the computer program that 
was used for the calculation of the data presented in this paper, 
the authors found that round-off errors crept into the results for 
the higher 8 values... As a matter of fact, three versions of the 
computer program had to be written before this problem was 
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overcome. The last two versions were found to give satisfactory 
results and are described in reference [9] of this paper. Another 
factor which can lead to round-off errors even with the latest 
version, if the user is not careful, is the spacing of the points at 
which the calculations are to be performed, especially near the 
edge of the head and at its crown. However, rules are given in 
reference [9] for selecting a mesh which will not introduce this 
difficulty. 

The additional calculations requested by Dr. Galletly as an 
extension of Table 2 of the paper, for a shell with 8 = 2 and 
D/T = 300, have been performed and are summarized in the 
following tabulation: 


Present method 
4.90683 
1.67337 


Galletly 


4.91241 
1.68709 


Edge moment 
Edge shear 


It is seen that the agreement between the two sets of results is as 


good here as it was in the previous comparison given in Table 2 
of the paper. 
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S. J. BECKER 

Senior Engineer, Westinghouse 
Electric Corporation, Bettis Atomic 
Power Laboratory, Pittsburgh, Pa. 


Cylinder 


An Analysis of the Yielded Compound 


An analysis is made of the partially plastic range, restricted to plane strain, of the 
compound cylinder, made by shrinking together many concentric cylinders. An example 
is given using, for ease of illustration, a cylinder designed to yield simultaneously in all 
its components. A comparison is made between a structure with a compressible elastic 
material and one with an incompressible elastic material. Finally, an tmportant auto- 


Fon THE thick cylinder, initial yielding does not in- 
dicate failure, and in fact often is beneficial to the strength of 
the vessel. This is just as true for the cylinder that is com- 
pounded by shrinking together several cylinders so as to intro- 
duce initial stresses, usually elastic, in the structure. 

It is possible to examine the stress distribution and deflections 
in the yielded cylinder theoretically, to discover what the true 
strength of the vessel is and what benefit can be achieved from a 
measured amount of pressure that will cause partial yielding. It 
will be found that there are several answers to the question 
of strength, depending on exactly the meaning assigned to the 
term strength, but that the question of benefit from partial yield- 
ing has an essentially unique and unusually simple answer. 

The theory to be presented is a continuation of the theory of 
{1],! only necessary relationships for the plastic range being ap- 
pendaged. It will, however, be limited to plane strain, with the 
intent of presenting the more difficult condition of generalized 
plane strain in later submissions. 


The Partially Plastic Compound Cylinder in Plane Strain 
The simplest case to consider is that of plane strain. If the 

maximum shear yield condition is accepted and 7,; is independent 

of strain, then it follows purely from equilibrium considerations 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Petroleum Division and presented at the 
Summer-Annual Meeting, Dallas, Texas, June 5-9, 1960, of THE 
AMERICAN Society OF MECHANICAL ENGINEERS. Manuscript re- 


ceived at ASME Headquarters, June 26, 1959. Paper No. 60—SA- 
18. 


frettage formula, Equation (10), is developed. 


{2] that within a plastic zone in a cylinder under axisymmetri¢ 
loading, 


o, = —2r;; In — 


(1) 


and 
= ¢, 273; 
in plastic cylinder zone ¢j. 


If p,,is an elastic-plastic boundary radius, then pp te 


must be the same for both the plastic and elastic sides of the 
boundary. For the elastic zone, from Equation (2) of [1], 


Therefore in the adjacent plastic zone: 


and, in particular 


(o,), = = —27,, In — TY —p, (4) 


assuming that the plastic zone is the inner zone of cylinder fg. 
Thus the elastic-plastic boundary has been introduced as an 
additional variable. 
Equation (1) is derived from equilibrium and the yield condi- 


Nomenclature 
a, b, d, 


. sion 
i,j, k, | = a sequence of boundary radii 
of mating cyinders; a, the 


smallest, and l, the largest 


tangential normal stress in 
a cylinder, positive if ten- 


- radial normal stress in a 
cylinder, positive if ten- 


elastic-plastic boundary ra- 
dius in innermost cylinder 
upon relaxation from ex- 
panded position and re- 
versal of plasticity 


6; = diametral interference at ra- 

T,; = shear yield stress taken as €,, €,, €, = normal strains in the radial, die ¢ 

57.7 per cent of the tensile tangential, and axial direc- é ee 

yield, in cylinder with tions, respectively p; = radial pressure at radius 7 

inner radius i and outer E, v = elastic constants, Young’s Pr, * radial pressure at radius p;; 

radius j modulus and Poisson’s ra- u = radial deflection, positive if 
Tost = Tg related to the tensile tio, respectively outward 

yield as above /~;* elastic-plastic boundary = r = aradius variable 

dius in cylinder with inner 

Tar- = Tap Telated to the compres- radius ¢ and outer radius j, uj+ = wat radius j in cylinder jk 


sive yield, negative to Tas+ 
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under expansion 


u at radius j in cylinder 
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tion and hence, neglecting strain hardening, is independent of the 
magnitude of the deformations. However, to proceed further, it 
will be assumed that the magnitudes of the elastic-plastic de- 
formations are sufficiently small, such that the strains can be con- 


ou 
sidered infinitesimal, and thus can be written as €, = = and 


€; = — as in the elastic case, u being radial deflection at r. For 


plane strain €, = 0, and it is assumed in the plastic case that the 
material is incompressible; i.e., €, + €, +€, = 0. Thus for plane 


d 
strain this reduces to = 


veniently written as: 


u 
+ — = 0, whose solution can be con- 
rT 


ur = constant 


(5) 


Suppose a compound cylinder exists under internal pressure 
sufficiently high such that at least parts of it are plastically de- 
formed. Specifically, suppose that this cylinder has been de- 
signed so that all parts would start to yield simultaneously. Then 
all parts would have a plastic zone and some would have an elastic 
zone as well. Since yielding starts at the bore of each tube, the 
plastic zone must necessarily be within the elastic zone. 


Then 


Po,, = 


= In 


Poy. 


p may coincide with an interface. 
These equations can be supplemented by 
au, = Partp 


f rom’ Equation (5). 


Soaks 
\ b 


2 


from’ [1 ], Equation (17). 


2 2 


from [1], Equation (17). 
Similarly, 


birt = 
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fa Po, + Pa, 21 


etc., and furthermore, 


6 


(6) 
The system of equations for u in the elastic zone takes an inde- 
terminate from when p;; = 7. In that case, and in all cases where 
it is known that a tube is partially plastic, Equation (2) can be 
used for pp, : in the foregoing. 
Thus 


2 
+ n-[a - 2»)- Tar + Tar 
2. | 
(7) 
w= +) [2a Tes 
2m | 


which are determinate for p,, = b. 

A suggested method of solution is by means of trial and error, 
starting with a guessed value of p,;, where / is the outer radius. 
For a cylinder designed so that all components start to yield 
simultaneously, the calculation can be set up in a program as 
follows: 


1. selected 
Pu? 
2. = Tr | 
p 
3. = 27, In + 
Pri 


l 


2 
— 2p) Poy, + Pru | 


5 = 
o. Lit k Prt 


6. = — 6, (6, modified to plane strain) 


7.3 (t#) = : [ 
k — LCL + vik 
| 1 only 
8 
Pr =k k 2 j only 
Pix\? 
9. Pox, = (*2) ] + 


10. 


Pix 
27 In + Pox 


2 Or the first of Equation (7) where suitable. 
3 From the second of Equation (7). 
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Pas 
Pa \* 
Pre 
Mie m [1-(%)'] +>. ete 
b 1+ 
b 
4 


Pik 1+yp 
1 Pir\* 
~ 


Pir 
[a — (*#) Poy + Poy, — 21 — | 


Pin 
12. Uj+ = Up 


13. uj- = Uj — +3, (6; modified to plane strain) 


14 3 1 [ Eu;- 
j 201 — LU + vj 


+(1- 2p, l only 


Finally p,. 

Thus for each elastic-plastic boundary in the outermost tube 
there exists a corresponding internal pressure. 

If the compound cylinder is not designed for simultaneous yield 
of all components, then the same calculation is still valid, except 
that in some components the calculated value of p may be 
inside of the inside radius of the tube. This merely indicates 
that the tube is still all elastic. In that case the correct sequence 
is indicated below by supposing that, at step 8 previously, pj, 
were less than j. Then: 


9. Eliminated 


11. Eliminated 


1+p 


12.5 


(6; modified to plane strain) 


The Incompressible Case 


It may seem incongruous that the elastic portion is compressible 
while the plastic portion is not [3], since the elastic-plastic 
boundary is constantly shifting. However, it is felt that the elas- 


4 Or the first of Equation (7) where suitable. 
5 Equations (7) are not valid in this case. 
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tic theory is so much better established than plastic theory that 
the plastic theory should conform to the elastic theory even if the 
plastic theory thereby should suffer a minor inconsistency. 
Actually, from a numerical standpoint, there is little difference in 
assuming that the elastic material is incompressible, and the 
computational work for an incompressible material is much re- 
duced. 

It was established in Appendix 1 of [1] that, in the axisym- 
metric case for a cylinder under generalized plane strain, the con- 
dition of incompressibility is not inconsistent with basic elastic 
conditions. The stress equations (14) of [1] are valid and the de- 
flection equation for incompressible materials in generalized plane 
strain can be formally obtained by adding —vre, to Equation (17) 
of [1] and then setting vy = 1/2. On the other hand, since €, = 


os andeé, = ‘, the condition of incompressiblity, €, + €, + €, = 0, 


becomes “ + 3 = —ée, which has the solution, with €, = €,(p), 


1 
of u = = — -re,, where C; = Ci(p). By identifying 
2 Er 2 
242 
C; with (p; — po) Pier the result becomes identical with the 
formal procedure. 


Therefore the computation sequence for a cylinder of incom- 
pressible material designed for simultaneous yield of all compo- 


nents is: 

1. selected 

p 2 
2. Po,, = Ta [: | 
p 
x = In + Pox, 
1.5 1.57, 
(= if pu >k 
l 
p 


1 
6. ue = it 3 6, (6, modified to plane strain) 


7 Pix 2 1 Ewe 
k 


< 1 only 


2 j only 


Pu \? 


1.57; 
(- if pa >i) 


Pix 
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7 

) 

2 
1— py? 
2» (4) +1] 
— 
j + 7o..\? 
= P; 
3. up 10. py = + 
ete. 
ll. = (ee) (Po Px) 
k 


1 
13.0 Up = 6, (6, modified to plane strain) 


Finally p,. 
Obvious alterations in the sequence can be made for cylinders 
whose components do not yield simultaneously. 


Relaxation of Internal Pressure 


If, upon relaxation of internal pressure, all points return to the 
elastic state, then the final condition can be calculated by super- 
posing on the last partially plastic state, Lamé’s solution for the 
whole cylinder, applying a negative internal pressure equal to the 
last positive internal pressure. The results will give some locked- 
in o, and a, (and hence 7) stresses, as well as some permanent set. 

However, there is no guarantee that all points will return only 
to the elastic state. In fact, some points may very well go into a 
reversed state of plasticity. It is this problem that will be con- 
sidered now. 

Let 7.- be the reversed shear yield stress in the innermost zone 
of the cylinder. 7 ~ is negative to Ta+ but the two need not 
have equal absolute values. 

Let Ry = elastic-plastic boundary in reversed plasticity 

= at R,, before relaxation of internal pressure 

(¢,)rgs = 0, at R,, after relaxation of internal pressure. 


Since, after relaxation, p, = 0, the solution for plane strain 
given in [2] can be written as 


= 2(Tas-) In rs (8) 


It is apparent that R,, < p,,. Hence for the region R,, Sr S 
Pas, Lamé’s solution for the cylinder, R,, < r S 1 = outer radius 
of assembly, can be superposed provided only that no other re- 
gion becomes plastic upon relaxation. The “internal” pressure to 
be used in Lamé’s equation is (0,)ra, — (%,)Ras’- 

Therefore for Ry, S r S Pas, 


oO, = 27+ In r + — = 
+ constant 
and therefore: 


— (0,) Ras | 0? — Ra) 


do, 
r— = 2ra + [(C,) 
dr 


Then, substituting in Equation (30-17) of [2], one obtains at 
r= Ra: 


1 
Tart + Rao Ras’ | 


and therefore: 


ad (0,) Ras Rap’ (9) 


Tab+ — Tat- 


In particular, for maximum elastic springback, R,, = a and 
(¢,)ze,’ = 0. Hence maximum internal pressure for elastic 
springback is: 
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a 


Pa = = (Tart — rw)-[1 (+)'] (10) 


(Compare with Equation 17.11 of [3}.) 

Subsequent application of this value of p, can only result in 
elastic deflections, while for values of p, greater than this, only 
study of several cycles of application can determine whether the 
system will settle down to elastic action or continue to go tes 
plastic fatigue cycles. 


ab 


From Equation (8), (¢,)ra,’ = 2(Ta-) In and similarly 


(0,)Ree = —Pa + 2Tav+ In Then Equation (9) becomes: 


Hence a transcendental equation for the determination of Rg, is: 


2 
a 


l — 


Pe — — Ter) In (#2) 


Tab+t — Tab- 


(11) 


However, if an additional plastic zone other than at the inside 
bore should appear upon relaxation of the internal pressure, then 
the plane strain problem becomes far more complex. Of course, 
a calculation sequence like that previously used for initial internal 
pressure can be used, but the total history of the deformation must 
be taken into account. 

Before closing, it should be noted that Equations (10) and (11) 
remain valid for generalized plane strain within certain restric- 
tions, for the equations used in their development were either 
elastic stress equations which are valid for these more general 
conditions (see appendix 1 of reference [1]) or they are plastic 
stress equations which are determined solely from equilibrium 
and the shear yield condition. For generalized plane strain, the 
principal stress axes coincide with the principal strain axes in the 
plastic state, as also in the elastic state. Thus the restriction for 
the validity of Equations (10) and (11) in a state of generalized 
plane strain is that |o, — ¢,| be the maximum difference of princi- 
pal stresses. While it is always true for plane strain, it need not 
hold for generalized plane strain. 

Example: A three tube container is designed such that each 
component yields simultaneously under an internal pressure of 
100,000 psi under operating conditions of 850 F. The shear 
yields taken at 57.7 per cent of the tensile yields are: 

Inner tube 


75,600 psi = Ta 
Middle tube 

56,600 psi = 7,, 
Outer tube 

49,500 psi = T.4 


The modulus of elasticity is 24 10° psi, and the dimensions 
are: 


2a = 11'/, in. 
2b = 17 in. 
2c = 26 in. 
2d = 37 in. 


The interferences to give this result at operating conditions, cal- 
culated for zero axial stress, are 6, = 0.033 and 6, = 0.055 in 
rounded figures. 


Transactions of the ASME 


4 1 Eu;- 

j 1.57;; 

“a 


The plastic growth, for suitable stages of the outermost elastic- 
plastic boundary, is to be calculated for plane strain, first with a 
compressible elastic material of Poisson’s ratio = 0.3, and second 
with an incompressible elastic material. 

For plane strain, using Equation (17) of [1] in a development 
parallel to that of Equations (5) and (6) of [1], one obtains 


(Ly, 
E oh G to 


for simultaneous yield of cylinders fg and gh, f<g<h. Since 
this is (1 — v?) of the value in Equation (6) of [1] which was used 
to obtain 6, and 6, given in the foregoing, the values to be used in 
the computations are 91 per cent of the given interferences in the 
compressible elastic case and 75 per cent in the incompressible 
elastic case. 

The calculated results show: 


1 Within the limits of the theory, the assumption of the 
validity of small deflection theory remains reasonably valid up to 
full plasticity. 

2 The calculated internal pressures show increasing differences 
for the two cases up to the point where all cylinders except the 
outer are fully plastic. The two cases coalesce at this point be- 
cause the internal pressure from then on depends only on the 


selected value of p,,, independent of Poisson’s ratio. The dif- 
ferences shown, however, are small from an engineering view- 
point. 

3 The strength of the structure, based on nonyielding action, 
is 100,000 psi, while the strength based on full yielding at the 
yield point is 145,500 psi and is still higher if ultimate stress be 
used, but the result obtained from Equation (10), with Ta+ = 
—Tas~ = 75,600 psi allows an internal pressure of 137,000 psi for 
the ideal autofrettage or initial test pressure. 
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Elastic-plastic compound cylinder in plane strain with compressible elastic material (v = 0.3) 


Po.q Psi 


Up, 4 inches 


inches inches 


Up,-» inches 


34,930 


* Using ue_ = up, since py = c; i.e., cylinder bc is all plastic. 


us,, inches inches 


Elastic-plastic compound cylinder in plane strain with incompressible elastic material (v = 0.5) 


(a) 
d 

0.4938 
0.5727 
0.6574 
0.7480 12,500 
0.8444 7,700 34,300 
0.9467 2,600 34,850 
1 0 34,900 


Ped, inches PSi 


25, 100 
28,500 
31,100 
33,000 


PSi 
25,100 
21,150 
17,000 


inches 


Ue_, inches Pre, inches 


0.020 
0.026 
0.033 
0.040 
0.048 
0.057 
0.061 


inches 


0.040 
0.047 
0.054 


Pry. psi Po, psi 


* Using = SINCE pre = i.e., cylinder be is all plastic. 
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Pab, inches 


7.021 
8.257 
8*/s 


Peay psi 


100,000 
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Ped; Poe, 
13 0.4938 25, 100 25,100 0.042 0.042 0.017 0.4258 8/2 
14 0.5727 21,150 28,500 C.046 0.050 0.025 0.5847 9.941 
15 0.6574 17,000 31,100 0.051 0.059 0.034 0.7593 11.328 
16 0.7480 12,500 33,000 0.056 0.069 0.044 0.9481 12.658 
17 0.8444 7,700 34, 300 0.061 0.080 0.055 1 13 
18 0.9467 2,600 34,850 0.0665 0.092 0.067 1 13 
S, 18'/; 1 0 34,900 0.069 0.099 0.074 1 13 
() 
Ped, inches psi Poy psi b pas, inches psi Pay Psi 
13 57,600 57,600 0.026 0.026 0.011 0.4412 55/, 100,000 100,000 
14 52,000 68 ,000 0.032 0.036 0.021 0.6913 7.067 91,000 125,000 
15 44,700 74,000 0.038 0.049 0.034 0.9687 8.366 76,000 135,000 
16 36,000 77,000 0.0445 0.064 0.049 1 8!/. 77,000 139,000 
17 34,300 82,400 0.0552 0.084 0.069 1 81/, 82,400 144,800 
18 34,850 82,950 0.0672 0.103 0.088 1 81/» 82,950 145,370 
83,030 0.0742 0.113 0.098 1 81/5 83,000 145,450 
Pbe 2 
13 0.040 0.4262 
14 0.043 9.5654 9.775 
- 15 0.046 0.7154 10.996 
16 0.050 0.061 0.8763 12.169 
17 0.053 0.069 1 13 
18 0.056 0.077 1 13 
18'/, 0.057 6.081 1 13 
ecainches ,,inches w,, inches w_, inches b Pay psi 
13 57,500 57,500 0.030 0.030 0.018 0.4407 | 100,000 
14 53, 100 68,900 0.035 0.040 0.027 0.6822 93,000 126, 00 
15 47,200 76,400 0.039 0.050 0.038 0.9437 81,000 139,000 
16 40,000 80,700 0.043 0.062 0.049 1 81,000 143,000 
17 34,200 82,400 0.048 0.074 0.061 1 82,400 144,800 
18 34,850 82,950 0.0572 0.086 0.074 1 82,950 145,370 
18'/¢ 34,930 83,030 0.0612 0.093 0.081 1 83,000 145,450 


aN 


DISCUSSION 
J. Marin® 


Mr. Becker has presented an interesting analysis of a compound 
cylinder. A number of assumptions were made in this study, no 
doubt because of the fact that without these assumptions the 
problem becomes very complicated. However, the discusser 
would like to point out that there are certain physical assump- 
tions made which might have an important bearing on the final 
results obtained. These include: 

1 The assumption that the strains are small. Theory can be 
developed considering finite strains which provide for the fact 
that the strains may be large. 

2 The material is assumed to be perfectly plastic. This, of 
course, may not be the case for many materials, and strain 
hardening may, in fact, be the more common situation. 

3 The maximum shear yield criterion was used for defining 
the beginning of plastic flow. It is known that this does not agree 
with the experimental evidence available for most ductile ma- 
terials. 

The accuracy of the analysis made by Mr. Becker, of course, 
cannot be established since experimental results were not re- 
ported to show how his theory agrees with actual behavior. It 
should be emphasized, however, that the problems of the type 
analyzed by the author are very complex and in order to get an 
engineering solution, it is sometimes necessary to make assump- 
tions similar to those made by Mr. Becker. 


Author's Closure 


The author wishes to thank Professor Marin for his comments. 
His points are correct and pertinent. Fortunately, the theory 
of this paper can accommodate his few objections with compara- 
tive ease. Consider these objections in the order presented. 

1 Finite Strain Theory. Finite strain can be used for plane 
strain plasticity. It is not felt necessary, however, to extend 
finite strain theory to elastic behavior for materials used in com- 
pounded vessels. Furthermore, such an extension would require 
a precise interpretation of Hooke’s law or its equivalent for finite 
elastic strains. Therefore, limiting finite strain to plastic be- 
havior, it is evident that finite strain will affect the equation of 
equilibrium and the equation of incompressibility. Equilibrium 
is established for an element in its deformed position and, hence, 
the value of the radius variable to which any reference is made is 
the sum of its initial value and its deflection. It is convenient to 
use the initial values to designate radii. From the foregoing con- 
sideration and with the indicated notation, it follows that the 


pressure equation for the plastic zone of cylinder fg is correctly 
written as 


+4 
Py = In (Set + (3a) 


* Head, Department of Engineering Mechanics, Pennsylvania State 
University, University Park, Pa. Mem. ASME. 


Equation (3a) can be replaced by the convenient. approxima- 
tion 


p Up 
Py In + — 27 4 wn ) (3b)? 


With this same notation it is evident that the equation of in- 


compressibility for plane strain for the plastic zone of cylinder fg 
is 


Hence 
1 
= — (ust + (Usps — (5a) 


Equation (5a) is easily and quickly solved by iteration, starting 
with the value obtained by ignoring the last term on the right- 
hand side, and its solution can be used in Equation (3b). There- 
fore, it is convenient to alter the computation program by re- 
placing steps 3, 10, 17, . . . by Equation (3b), steps 5, 12, 19, .. : 
by Equation (5a), and then interchanging the order to make step 
3 follow step 5, step 10 follow step 12, etc. 

Computing in this manner, one would find that, in the worst 
case of full plasticity, the two tables given in this paper would be 
altered as given below: 

Thus the error in the values of pressure tabulated in the paper 
due to ignoring the finiteness of the strain is maximum for the 
fully plastic compounded vessel with maximum percentage errors 
of 1, 1.5, and 2.8 per cent for p,, p,, and p,, respectively, where 
compressibility exists in the elastic range, and 0.84, 1.26, and 2 
per cent for p,, p,, and p,, respectively, in the wholly incompres- 
sible material. 

2 The Assumption of Perfect Plasticity. The theory can be 
extended to account for strain-hardening by a simple device which 
the author first observed being demonstrated by P. G. Hodge at 
a class that Dr. Hodge conducted at the Polytechnic Institute of 
Brooklyn. In the accompanying figure, the broken line OAB 
represents the tensile test diagram of an ideal strain-hardening 
material. The slope of line AB is m times the slope of line OA. 
The quantity m is denoted here as the decimal per cent of strain- 
hardening. This material can be simulated by considering it to be 
composed of m parts of an ideal elastic material with the same 
Young’s modulus (line OAD) as the strain-hardening material 
and 1 — m parts of an ideal plastic material also having the same 
Young’s modulus (line OAC). 

The application to the compound vessel in plane strain is simply 
made as follows. Let component cylinder fg have a yield radius 


7 Accuracy greater by an order of magnitude is given by 
ps = In Pls + Peto — fe 

f (: + wale 4 
aif 2 pro 


| 
Pea = 181/;" Ug = Upegin. | u+, in. psi = Upse, in. (*) | Prey in. Pores PSI 
v=03| 0.069 | 0.099 | 34,550 0.074 34,550 
y=0.5| 0.057 | 0.081 | 34,610 0.061 34,610 | 
| | | 
Pea = 181/2"| y+, in. Py, Psi Up— = Upgs, in. | b Pap, in. P ab PSi Ua, in. Pay Psi 
y=0.3 | 0.112 | 81,790 | 0.097 | | 81/, | 81,790 0.146 141,500 
»=0.5 | 0.003 | 82,000 | 0.08% | s'/, | 82,000 | 0.121 142,640 
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Strain-hardening material as a composite of a perfectly plastic and a 
perfectly elastic material 


Py, such that f < p,, < g and let the material exhibit m decimal 
per cent of strain-hardening. The elastic part of the cylinder can 
be calculated just as before and so can the plastic part but with- 
out considering finite strains. The pressure p, thus computed 
will be designated as p,’. The computed deflection u,+, however, 
must be the same for the elastic portion of the yielded zone as it 
is for the plastic portion, and therefore the elastic portion of the 
region f = r S py, is also incompressible. Therefore, from Equa- 
tion (17) of [1] withy = 0.5, a = f, b = py, Di = Ps", Po = Poyy 


one obtains 
15 Pro f 


1.5 f Py 


(12) 
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and, from the simulation indicated above, 


Py; = (1 — m)p,’ + mp,” (13) 
With both p, and u,+ thus available, the next innermost 
cylinder can be analyzed in the manner previously shown. 
Finite strains are not considered here because of the use of equa~ 
tions of infinitesimal elasticity in the yielded region. 

3 The Yield Criterion. It is presumed that Professor Marin 
agrees that the von Mises or distortion energy criteria agrees 
fairly well with the experimental evidence available. The Tresca 
or maximum shear yield condition as usually presented does not 
agree as well. The usual presentation takes the maximum shear 
value to be one half of the tensile yield in order that the Tresca 
yield condition fit the case of a simple tension test. The author 
has altered the value 1/2 to 1/ V3 = 0.577 so that the Tresca 
yield condition agrees perfectly with the von Mises yield condi- 
tion for the case. of plane strain. 


The von Mises yield condition for the cylinder can be written 
as 


Using a Hencky type of stress-strain relationship or, as will be 
shown in the next paper in this series, on the generalized plane 
strain condition, a Prandtl-Reuss incremental law for the plastic 
region, it can be shown that for plane strain 


+o) 


Inserting this in the von Mises condition, one obtains 


= 1.5(0, — @,)? 


Therefore 
Tt = (o, — 9,)/2 = 3 


This alteration has the additional advantage that the same 
value can be used for generalized plane strain provided only that 
the generalized plane strain condition does not deviate too greatly 
from simple plane strain, and in most practical instances this is 
indeed the case. The fact that the modified Tresca condition 
does not fit the case of simple tension is of no consequence since 
it is not intended for use in this range. 
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u.c.curnm: | 0 the Use of Clearance in Viscous Dampers 


tO Limit High Frequency Force Transmission 


The steady-state vibration of a single degree of freedom system with clearance in the 
viscous damper is investigated. The results show that the clearance damper combines 
the low resonant force transmission feature of the viscous damped system and the 
characteristic of low force transmission at high frequencies of the undamped svstem. 


Introduction cycle as the actual damper when the system has a sinusoidal 


motion. Thus the displacement is assumed to be of the form 
Iscous damping is effective in limiting the resonant 


force transmission of a single degree of freedom system. However, z= Asin wt (3) 

the force transmitted to the foundation at frequencies much and the value of the equivalent viscous damper becomes 

higher than the resonant frequency increases with increasing 

damping (Fig. 1). 

A method which may be used tc: overcome this difficulty is the Cc 1 “i cen a id 

intentional use of clearance in the viscous damper. When the 0 fiz, = Jo Ka, 
’ amplitude is high, which is the case at resonance, the damper acts 

to dissipate energy. However, when the amplitude is low, as is : 

true at frequencies much higher than the resonant frequency, 


the damper is inactive and the force transmitted to the founda- ° 
tion is low. This study determines the parameters involved in —s 1 \ 
designing a system such as this. UNDAMPED 
25 / c=0 
<5 
Analysis Fo 
. The viscous damper with clearance is shown in Fig. 2. It is So 
6 
inactive for amplitudes less than the clearance a, but when the © 
displacement is greater than the clearance viscous damping is 
present. Stated mathematically this condition becomes 
| FREQUENCY 


=ct, |z|>a 


The equation of motion of the system is given by the relation 


(2) 


An approximate method of solution [1, 2]? is to find an equivalent 
viscous damper that will dissipate the same amount of energy per 


sin ot 


mé + f(z, z) + kr = F sin wt 


1 At present, National Defense Fellow, Brown University, Provi- 
dence, R. I. 

2 Numbers in brackets designate References at end of paper. 

Contributed by the Machine Design Division and presented at 
the Summer-Annual Meeting, Dallas, Texas, June 5-9, 1960, of THE 
AmerRIcaN Society oF MECHANICAL ENGINEERS. Manuscript re- 
ceived at ASME Headquarters, September 18, 1959. Paper No. Fig. 2 Single degree of freedom system with clearance in the viscous 
60—SA-17. damper 


————— Nomenclature 


= clearance in the viscous damper 


= spring constant 
= amplitude of the sinusoidal mo- 


= time 


= 


™ mae t, = time that the displacement be- 
tion of the mass = amplitude of the sinusoidal force comes equal to a 
c = viscous damping constant on the foundation w = forcing frequency 
Ceq = equivalent viscous damping con- Q = approximate maximum dimen- al f 
stant sionless force transmitted to natural frequency 
F = amplitude of the sinusoidal force the foundation if the clearance 8 = dimensionless frequency 
sl on the mass were zero 8, = dimensionless frequency at which 
$ = absolute value of the dimension- Qs = approximate maximum dimen- the damping becomes zero 
re less force transmitted to the sionless force transmitted to xz = displacement 
e foundation the foundation et = equivalent static deflection 
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Fig. 3 Sinusoidal response of the system 


Since f(z, 2) is zero for |z| < a the limits of integration may be 
changed to 


4 f° 
q f(x, z)adt (5) 


where ¢, is the time that the displacement becomes equal to a 
(Fig. 3). 


This time is easily found using (3) 


wt, = sin=) (+) (6) 
Then if (1), (3), and (5) are combined there results 
2 
Ce = f cos? wtd(wt) (7) 
wT J wti 


If (7) is integrated using the lower limit given by (6) the resulting 
equation for the equivalent damping constant becomes 


a 
An 


a 
Cag 
he 


The amplitude of the forced vibration with an equivalent 
viscous damper is given by the solution of the equation 


mé + Cegt + kx = F sin wt (9) 
which is 
Fu : (10) 
MW, 
where 
w 
B= 
k 
m 


Since Ceq is a function of A, (8) and (10) have to be solved simul- 
taneously for each value of 8 to determine the response curve. 
Then if the amplitude is known the force transmitted to the 
foundation may be found from the approximate relation 


+ (11) 


However, the two most important points on the “foundation force 
versus frequency” curve, the maximum force transmitted and the 
frequency at which the damper becomes inactive, may be found 
without recourse to the solution of these nonlinear equations. 
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Fig. 4 The ratio of the approximate maximum dimensionless force 


transmitted to the foundation Q., to the approximate maximum dimen- 
sionless force transmitted to the foundation if there were no clearance in 


the damper Q) versus the ratio of the dimensionless clearance = to the 
st 


approximate maximum dimensionless force transmitted to the founda- 
tion Qeq 


From (10) and (11) the dimensionless force transmitted to the 


foundation becomes 
C. 2 
1+ (f= 8) 
MOy, 


a sy + (228) 
me, 


P 
12 
(12) 


It is now anticipated that 
<1 


(13) 


and if this is the case the maximum force will be transmitted to 
the foundation at a value of 8 approximately equal to unity. 


2 
Then letting 8 = 1 in (12) and neglecting {| —* } in compari- 
son to one, there results 
mo 
Fax —— = Qea (14) 
eq 


A trivial computation shows the error involved in calculating 
Fmax by (14) instead of (12) is approximately 12 and 5 per cent for 


Cea 


equal to !/. and 1/3, respectively, and is less than 3 per cent 


eq 
proximate maximum dimensionless force transmitted to the 
foundation at resonance. Using the definition of Q.q given by 


(14), the ratio (+) 


for values of less than !/s. Thus Qeq is defined as the ap- 


becomes 
B=1 


and (8) may be written 


(15) 
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Fig. 5 The dimensionless clearance =. 


versus the dimensionless 
st 
frequency at which the damper becomes ineffective 8; 


where Q is the approximate dimensionless maximum force that 
would be transmitted to the foundation if the clearance were zero 


__ me, 


= (17) 
c 


Above a certain dimensionless frequency 8; the amplitude will 

be less than the clearance and the system will have no damping. 

This frequency is found by letting A = a and C.q = 0 in (10) 
a 1 


(18) 


a 
For values of 8 > 8, the system is undamped. If — > 1 there 
Tst 


will be a value of 8 < 1 for which the damping will be zero, how- 
ever, this value of 8 is of little interest. 


Application 


Equations (16) and (18) are plotted in Figs. 4 an’ 5. 
These curves may be used to determine the damper parameters a 
and c if the maximum allowable force transmission and frequency 
at which the damper should become inoperative are known. 
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VISCOUS 
DAMPING 
WITH CLEARANCE) 


4 6 BI 


B 


Fig. 6 The dimensionless force transmitted to the foundation F versus 
the dimensionless frequency § for the undamped, viscous damped, and 
viscous damped with cl solutions for the case where k = 1 !b/in., 
m = 1 Ib-sec?/in., and F = 1 Ib 


4 6 810 


Consider the case where 


k= 1 tb/in. 
m = 1 lb-sec?/in. 
F 


(19) 


and the maximum force transmission should be limited to about 3. 
It will also be assumed that the forcing function is at a dimen- 
sionless frequency 8 = 10, It then would be desirable to have 
8, = 10. From Fig. 5 the value of a necessary is 0.0101 and from 
Fig. 4, for a force transmission of 3, Qo is about 3 and therefore c 
is 1 / 3- 

To demonstrate the effectiveness of this damper (8), (10), and 
(12) were solved simultaneously for J, the force transmitted to 
the foundation, as a function of frequency. The results are shown 
in Fig. 6 and for comparison purposes the undamped solution and 
the viscous damped solution with the same limiting force trans- 
mission are also plotted. It can be seen that the clearance damper 
combines the low force transmission at resonance feature of the 
viscous damped system and the feature of low force transmission 
at high frequencies of the undamped system. 
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Analysis and Design of Tangent 
Elasticity Vibration Isolators 


General solutions are obtained for the natural frequency and deflection of hardening 
vibration isolators that fall into the ‘tangent elasticity” class of nonlinearity for the 
case of small harmonic motions about the static equilibrium position. A procedure 
is developed for the minimization of the natural frequency and the determination of 
certain properties of an isolator for which a load-deflection curve is available. This 
procedure is applied to the design of conical compression springs as well as rubber 


introduction 


HE resilient member of a vibration isolator may 
have a load-deflection characteristic that exhibits an increase in 
static stiffness with an increase in applied load or deflection. 
This nonlinear stiffness property is characteristic of rubber in 
compression and of conical compression springs. In determining 
the natural frequency and deflection of an isolation system em- 
ploying a nonlinear vibration isolator, any nonmassive loading 
that exists must be taken into consideration. The load on the 
isolator can exceed the weight of the supported equipment as a 
result of a belt pull or sustained acceleration. For example, the 
load applied to an isolator in a guided missile is considerably 
larger than the deadweight of the supported body during the 
launch period because of the sustained acceleration of the vehicle. 

Many hardening nonlinear isolators defy rigorous analysis be- 
cause of complicated geometry and are therefore developed by 
trial and error. However, several important properties of these 
isolators may be determined if the hardening nonlinearity falls 
into the “tangent elasticity” class and if sufficient experimental 
data are available to define a ‘‘characteristic height”’ of the isolator 
(to be discussed later). As will be shown, certain analytical and 
empirical data may be combined to design specific isolator con- 
figurations having desired operational characteristics. 


General Natural Frequency 


For a general single-isolator system or a center-of-gravity 
multi-isolator system, the undamped natural frequency is given 


hy 
Kq g ( dP 

w,(rad /sec) (4) (1) 
where W is the weight supported by an isolator, g is the accelera- 
tion of gravity (g¢ = 386 in/sec?), and K = dP/dé is the static 
stiffness of the isolator at the static equilibrium position. It is 
assvmed that the natural frequency can be determined by static 
stiffness measurements. Also, as indicated in Fig. 1, vibrations 
are considered to be small variations in position of the isolated 
weight above and below the static equilibrium position. There- 
fore, even though the isolator is nonlinear, the vibration of the 
isolated weight is one of linear harmonic motion. 
The static stiffness of the nonlinear isolator is a function of the 
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compression isolators. 


applied load P or the resulting deflection 6 and is represented by 
the slope of the load-deflection curve at the static equilibrium 
position. At relatively small loads or deflections, an increase in 
equipment weight causes a decrease in natural frequency because 
the increase of weight W is greater than the corresponding in- 
crease of the stiffness dP/d5. At large loads, however, a given 
increase of weight W is less than that of the stiffness dP /d5, caus- 
ing an increase in natural frequency. Hence there is a value of 
equipment weight for which the natural frequency is a minimum. 
This particular fact is important in designing isolators since a 
vibration isolation system having a low natural frequency pro- 
vides good isolation at high frequencies. 


Analysis of Tangent Elasticity Isolators 


A convenient mathematical tool for analyzing certain nonlinear 
spring systems is the idealized tangent elasticity spring, which 
Mindlin considered in the study of package cushioning [1)].! 
For purposes of the present analysis, the tangent elasticity load- 
deflection relation is written 


1 Numpers in brackets designate References at end of paper. 
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Fig. 1 Typical hardening load-deftection characteristics of a nonlinear 
isolator. Vibrations are harmonic motions about the static equilibrium 
position. Analysis applies for positive and negative tangent isolator 
static defiections. 
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Fig. 2(a) Dimensionless tangent-elasticity load-deflection curve 


9) 
P(6) = =— tan ( ” ) (2) 


2h. 


P(6) = static load applied to the isolator, lb 
Ky = initial stiffness of isolator at zero deflection, lb/in. 
6 = static deflection of isolator, in. 
h, = characteristic height of isolator, in. 


This type of spring, although not very abruptly, hard bottoms 
at large displacements that approach the value of the characteris- 
tic height. The characteristic height h, represents a height or 
thickness characteristic of the isolator which allows the best fit, 
.over the deflection range of interest, between the idealized tangent 
elasticity load-deflection relation and the experimental load- 
deflection curve of a given nonlinear elastic element. 

The stiffness of the tangent isolator is obtained by the differen- 
tiation of the load-deflection relation to give: 


Use has been made of a simple trigonometric identity and Eq. (2) 

to write the general stiffness coefficient solely in terms of the total 

applied load P. The load-deflection and _stiffness-deflection 

curves of a tangent isolator are shown nondimensionally in Fig. 2. 
The static load on the isolator may be written 


P=G,W (4) 


where the acceleration parameter Gy is some multiple of the 
acceleration of gravity. Thus Gy indicates the absolute value of 
the sustained acceleration of the supported body messured in 
number of g’s. In general, the acceleration parameter Gy in- 
cludes the effects of any nongravity sustained acceleration as well 
as the acceleration due to gravity. Under many circumstances, 
however, the component due to gravity is negligible compared 
to other sustained accelerations. 

After substituting P = GyW in Eq. (3), the stiffness relation 
is used with Eq. (1) to obtain the following equation for natural 
frequency: 
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Fig. 2(b) Dimensionless tangent-elasticity stiffness-deflection curve 


2 


Since f,(eps) = w,/27, this relation may be written as follows: 


A nomogram giving the natural frequency f,, referred to the natu- 
ral frequency which would exist if the weight W were supported 
by the initial stiffness Ky, has been developed by Crede [2]. 
However, a graphical solution involving the dimensionless load 
ratio W/Koh, is preferred here as given by Fig. 3. The ordinate 
of this graph is the natural frequency f, (cps) times the square 
root of the characteristic height of the isolator (measured in 
inches). It is assumed that the tangent elasticity curve and the 
experimental load-deflection curve of the isolator have been 
matched to establish the numerical value of the characteristic 
height h,. For a given value of the acceleration parameter Gy, 
the natural frequency of the isolation system is determined for 
any choice of the load ratio W/Koh,. Fig. 3 indicates that for 
relatively low load ratios, the system is linear and an increase 
in load causes a decrease in natural frequency. However, for a 
certain load ratio, the natural frequency reaches a minimum. | 
Further increase of the foad ratio causes the natural frequency 
to increase. This graph clearly demonstrates the existence of a 
minimum natural frequency. The curves also indicate that, for a 
given weight-loading of the isolator, an increase in sustained ac- 
celeration causes a corresponding increase in the natural fre- 
quency of the system. 


General Deflection 


An equation for the general deflection of the isolator under a 
sustained acceleration loading is obtained by substituting Eq. 
(4) into the tangent elasticity expression given by Eq. (2) to 


obtain 
oe ( 2 x) (7) 


This relation is shown graphically by Fig. 4 in which the deflec- 
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Fig. 3 General natural frequency of tangent isolator system 
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Fig. 4 General deflection of tangent isolator 


tion-characteristic height ratio 6/h, is plotted as a function of the 
load ratio W/Koh, for various values of the acceleration parameter 
Gy. The curves of Fig. 3 and Fig. 4 give the general solutions 
for the natural frequency and deflection of a system incorporating 
a tangent elasticity nonlinear isolator. 


Minimum Natural Frequency 


It is sometimes desirable to minimize the natural frequency of 
the isolation system in order to obtain improved vibration isola- 
tion at higher excitation frequencies. The load ratio for which a 
tangent isolator provides a minimum natural frequency for a 
given value of sustained acceleration is obtained by differentiat- 
ing Eq. (6) with respect to the ioad ratio and setting the result 
equal to zero, whereupon 


Koh, fnmin 
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(8) 


Substituting this relation into Eq. (6), the following expression 
for the minimum natural frequency is obtained: 


[Guo 


= (9) 
2 th, 


(fn)min (eps) 


The weight of supported equipment required to obtain the 
minimum natural frequency can thus be written in terms of 
the minimum natural frequency as follows: 


Kog 


(W)samin (Ib) = 


(10) 


The minimum natural frequency is shown graphically in Fig. 5 as 
a function of the characteristic height h, and the sustained 
acceleration parameterGy. The load required for f, to be a mini- 
mum is shown graphically in Fig. 6 as a function of the initial 
stiffness Ky and the minimum natural frequency (fn )min- 
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For stress analysis or isolator clearance calculations, it is neces- 
sary to determine the deflection of the isolator when it is loaded 
for minimum natural frequency. This deflection is determined by 
substituting Eq. (8) into Eq. (7), which gives 


(5) 2 (11) 
indicating that if a tangent isolator be loaded (taking into account 
both the equipment weight and any nonmassive load) so that 
the deflection of the isolator is one half its characteristic height, the 
natural frequency of the system will be a minimum. Also, Eq. (3) 
indicates that the effective stiffness of an isolator so loaded is twice 
the initial stiffness, i.e., 
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Fig. 5 Minimum natural frequency of tangent isolator system 


(K)snmin = 2Ko (12) 


Thus, when the isolator is designed so that the minimum natural 
frequency has some specific value for the condition of maximum 
sustained acceleration loading, this value is no greater than /2 
times the natural frequency for pure gravity loading. 


Tangent Isolator Designs 


Isolator configurations that exhibit tangent elasticity load- 
deflection characteristics may be designed by combining certain 
analytical and empirical data. The following examples indicate 
the general manner in which tangent isolators may be designed. 

Conical Coil Spring. Consider the conical coil compression spring 
shown in Fig. 7(a), which has a linear coil taper and is capable of 
complete nesting. If the spring has N active coils and the diame- 
ter at any position is given by 


— 


= D 
D 


(13) 
where a is the rotation angle measured in the plane perpendicular 


to the axis of the spring, the initial stiffness of the spring can be 
shown to be [3] 


= Gat \ 
2N(D,? + D3*)(D, + Dz)’ 
where d is the diameter of the spring wire and G is the modulus of 


rigidity of the spring material. Thus the load-deflection equa- 
tion for this conical compression spring is given by: 


aN(D,? + D2?)(D; + D2) 
This equation can be used for designing conical compression 
springs once the characteristic height is established empirically. 
General Rubber Compression Isolator. Consider the general rub- 
ber compression isolator shown in Fig. 7(b). The cross-section 
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Fig. 7(a) Schematic diagram of a conical coil compression spring 
isolator 


area is a function of the position along the & axis. The initial 
stiffness of the isolator for this case can be shown to be [4] 


o ACé) 
where A(£) is the cross-section area at the co-ordinate position &, 
E is the modulus of elasticity in compression, and / is the maxi- 


mum available deflection of the isolator. The load-deflection 
equation for the general rubber compression isolator is thus 
2Eh, 


given by 
( ) 
f \ 2h. 
o A(é) 


where the characteristic height of the isolator depends on the 
specific shape of the isolator considered. 

Cylindrical Isolator. The cylindrical isolator shown in Fig. 8(a) 
has an arbitrary cross-section area Ay which is constant along 
the length of the isolator. Using Eq. (17), the load-deflection 
equation for this case becomes 


2EAgh, 
P= tan (7) 


Ky = (16) 


P= 


(17) 


(18) 


Conical Isolator. A conical isolator is shown in Fig. 8(b) 
whereby the diameter at any position is given by 


= D, + (Dz — Dy) (19) 


The cross-section area is given by A(é) = = D%&), which is 


substituted in Eq. (17) to evaluate the integral, whereupon the 
following load-deflection equation is obtained: 
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Fig. 7 (b) Schematic diagram of a general rubber compression isolator 


EDDih. ( (20) 


2: 2h. 


Double Conical Isolator. The isolator shown in Fig. 8(c) is a 
double conical isolator which can be considered as two conical 
isolators of length //2 in series. The initial stiffness is thus identi- 
cal with that of the conical isolator shown in Fig. 8(b) and the 
load-deflection equation is given by Eq. (20). However, the 
characteristic height of these two isolator configurations may be 
quite different even though they possess the same initial stiffness. 

Curved Conical Isolator. The isolator shown in Fig. 8(d) is a solid 
of revolution whereby the diameter at any position is given by 
the square law as follows: 


= D, + — Di) (2) (21) 


Using this relation to determine the area A(&), Eq. (17) is inte- 


grated to give the following relation for the load-deflection equa- 
tion 


dD, 


The last four examples illustrate specific developments of load- 
deflection equations that can be derived by use of Eq. (17). For 
those isolator configurations having complicated geometries 
which do not allow the integral in Eq. (17) to be readily evaluated 
analytically, the load-deflection curve can be developed by use of 
graphical or numerical integration techniques. 


Characteristic Height for Conical Coil Spring 


A series of tests performed on conical compression springs il- 
lustrated by Fig. 7(a) allowed the characteristic height of this 
type of spring member to be established empirically. Data on 
four conical coil springs having a nominal free height of */, inch 


P= 


ED,h, ( 15 ) 
tan-! \ D, — D; 
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(a) Cylindrical isolator 


(c) Double conical isolator 


Fig. 8 Specific rubber compression isolator designs 


(d) Curved conical isolator 


Table 1 
Spring 
number ‘OD, in. De, in. d, in. l, in. N he, in. h./l 
1 df 1 0.080 0.674 4 0.87 1.29 
2 0.085 0.680 4 0. 
3 1/4 1'/2 0.095 0.660 3.5 0.78 1.18 
2 0.104 0. 4 0.77 


are shown in Table 1. The value of the characteristic height was 
so chosen that the tangent elasticity load-deflection characteristic 
corresponded to the experimental characteristic over as large a 
deflection range as possible. A convenient manner in which to 
express the characteristic height of an isolator nondimensionally 
is the ratio of the characteristic height h, to the maximum availa- 
ble deflection 1. Tests showed that the ratio h,/l = 1.2 was 
sufficiently accurate to give good correlation between theoreti- 
cal tangent elasticity and experimental load-deflection charac- 
teristics for deflections as large as two thirds of the maximum 
available deflection. A typical comparison between an experi- 
mental load-deflection curve and a tangent isolator curve ob- 
tained by using h,/l = 1.2 is shown by Fig. 9. The spring used 
for this comparison was spring No. 2in Table 1. Extremely good 
agreement exists between the two curves over the deflection range 
shown. 
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Design Example 


It is desired to design an isolation system consisting of conical 
coil compression spring isolators for an equipment package which 
statically loads each isolator 10 lb. Environmental conditions 
require the equipment to be subjected to a sustained acceleration 
of 20 g’s. In order to insure acceptable vibration isolation, the 
natural frequency should be less than 15 cps at all times. Deter- 
mine the design parameters of the spring. 

The spring will be designed so that its minimum natural fre- 
quency under the maximum sustained acceleration corresponds 
to the design natural frequency of 15 cps. By use of Eq. (9) or 
Fig. 5, a characteristic height, h, = 2.75 in., is required to ob- 
tain a 15 eps isolation system for an acceleration parameter Gy = 
20. The required initial stiffness may be obtained from either 
Eq. (8) or Fig. 6. For a massive load of 10 Ib, an initial stiffness, 
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Fig. 9 Typical comparison of experimental and theoretical tangent 
ae load-deflection curves for a conical coil spring isolator where 
= 1.2 


Ky = 115 lb/in., is required to produce a minimized natural fre- 
quency of 15 cps. Since h,/l = 1.2 for this type of isolator, the 
maximum available deflection / would be 2.3 in. The free height 
of the spring would be (2.3 in. + d), where d is the wire diameter. 
The wire diameter can be determined from Eq. (14) by using 
K, = 115 lb/in. and choosing appropriate values for the diameters 
D, and D, as well as the number of active coils N. The maximum 
loaded equilibrium deflection will equal one half the characteristic 
height, or 1.38 in., and the effective stiffness at the maximum load 
is twice the initial stiffness, or 230 lb/in. 

The natural frequency of the system under pure gravity loading 
is determined from Fig. 3 by noting W/Koh, = 0.0316 and Gy = 1 
for this condition. The resulting natural frequency is 10.6 cps. 
Thus, for any loading between pure gravity and a sustained 
acceleration of 20 g’s, the natural frequency has a value between 
10.6 cps and 15 eps, which satisfies the design requirement. 


Conclusion 


A method for analyzing and designing tangent elasticity non- 
linear isolators has been presented. Solutions for several ideal 
rubber compression isolators have been obtained and the de- 
veloped techniques successfully applied to a particular design of 
a conical coil compression spring. The characteristic height for 
this specific spring has been established experimentally as 1.2 
times the maximum available displacement of the spring. The 
approach presented herein becomes useful for other isolator con- 
figurations when additional empirical laws are established for 
the characteristic height. 
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DISCUSSION 
C.T Molloy’ 


The discusser has read this paper and congratulates the 
author for having done an excellent job. Mr. Ruzicka clearly 
states his assumptions and then proceeds to develop their conse- 
quences in a logical manner, producing useful curves and formulas 
as anend product. It is in the spirit of attempting to add a little 
to something which is already very good, that the following com- 
ments are given. 

The author has specifically confined himself to the discussion 
of springs which have a load deflection characteristic of the 
“tangent”? type and so long as this condition is satisfied, his 
analysis is valid. It should be pointed out, however, that there 
are many systems which might appear on first look to be of the 
tangent type but which really are not. It is important that the 
user of the results of the paper assure himself that he is really 
dealing with a tangent isolator. A few years ago the discusser 
directed a program whose objective was the determination of the 
vibration characteristics of floor covering materials. The ma- 
terials studied included Fiberglas, felt, foam rubber, polyurethane, 
and sponge neoprene. These materials were all tested under 
various loads and in various thicknesses. In-all cases, the stiff- 
nesses computed from dynamic shake table measurements were 
greater (in some cases, many times greater) than that deter- 
mined from the slope of the static load deflection curve at the 
operating point. All of the load deflection curves exhibited 
hysteresis. However, if one had measured only the “loading 
curve” or only an “unloading curve,’’ either of these could be 
quite well fitted by a tangent function of the kind dicussed in 
the present paper. Apparently, what happened with these ma- 
terials was that at the operating point on the static load deflec- 
tion curve a new and small hysteresis loop developed to accommo- 
date the dynamic displacements. The slope of this minor 
hysteresis loop was evidently considerably greater than that of 
the load deflection curve with which it was associated. These re- 
marks are not meant to imply that one can never determine dy- 
namic stiffness from the slope of a load deflection curve but rather 
to suggest that, when one does it, he should take adequate pre- 
cautions to insure that the procedure is justified. 

The problem dealt with in Mr. Ruzicka’s paper gives rise to a 
nonlinear differential equation and in “linearizing’’ it, it is im- 
plied that the dynamic displacement amplitude is restricted to 
small values. The author carefully points this out. There is, 
however, no discussion of how small the displacement should be. 
It is not possible to determine rigid limits for the displacement 
function, but it is possible to place limits on a displacement such 
that the linearized spring force shall differ from the nonlinear 
spring force by a given fraction of the linearized spring force. 
This is not the only way of prescribing limits for the displace- 
ment but it happens to be a very simple and relatively convenient 
one. The method of carrying out this ‘displacement limitation’’ 
analysis is quite straightforward but is too lengthy to present in a 
note. 

In conclusion, the discusser feels that the author has written an 
excellent paper which will be useful to vibration engineers. 


Author’s Closure 


The author thanks Dr. Molloy for his comments and agrees 
that some discussion is necessary on how small the dynamic de- 
flection amplitude should be to satisfy the assumption of linear 
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vibrations. It is impossible to determine rigid limits for the 
dynamic deflection, but one can obtain an expression for the 
degree to which the actual nonlinear isolator spring force devi- 
ates from the linearized isolator spring force. The following 
“displacement limitation’ analysis is a result of an approach 
suggested by Dr. Molloy via private communication. 

Nonlinear Vibrations. A static load P(6) produces an isolator 
static deflection 5 according to the tangent elasticity law as ex- 
pressed by Eq. (2) or Eq. (7). As shown by Fig. 1 and Fig. 10, 
the static equilibrium position of the mass is specified by the 
static deflection 6, which is measured from a datum correspond- 
ing to the unloaded position of the isolator. If the mass is dis- 
placed a distance z beyond the static equilibrium position, the 
total deflection of the isolator is 6; = 6 + 2 and the equilibrium 
of forces acting on the mass gives the following equation for free 
vibrations ; 
mdr + PK(6r) = P(6) (23) 
where mdr is the acceleration force of the mass, PK (57) is the 
tangent isolator spring force, and P(6) = G,,W is the static load 
acting on the mass. The static load P(6) and the corresponding 
static deflection 5 are assumed to be constant. However, the 
deflections z and 67 are functions of time. Replacing the spring 
force and the static load by the proper tangent elasticity ex- 


pressions, Eq. (23) becomes 
tan (=)] =Q (24) 


2 ) 
— Koh, | tan 
mor + pA oh [ ( Qh, 
By substituting 6, = 6 + z in this expression, the following 
exact nonlinear equation for free vibrations is obtained: 


wx 
2 
(2) (Z) 
2h, 2h, 
Linearized Vibrations. Using the effective stiffness at the 


loaded equilibrium position of the isolator given by Eq. (3), the 
linearized equation of motion for free vibrations may be written 


mé + E sec? = 


=0 (25) 


(26) 


This is the equation of motion on which the general analysis 
presented in the paper is based. 
Displacement Limitation. From Eq. (25), the actual nonlinear 


spring force is given by — 
75 
K 


(27) 
1 tan (2) tan 
2h. 2h, 


whereas, from Eq. (26), the linearized spring force is 


(P x)iin. = E sec? ( )] 4 


The degree to which the actual nonlinear spring force deviates 
from the linearized spring force is described by the dimensionless 
force-deviation factor 7 defined as follows: 


(Px)sct. 


(28) 


(P x)act. (P x)iin. 
(P x)iin, 


Using the spring force expressions given by Eqs. (27) and (28), 


(29) 
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Fig. 11 Force-deviation factor for tangent isolator system 


the relation for the force-deviation factor given by Eq. (29) be- 


comes 
1 
7 = -1 (30) 
| 
where J is the dimensionless isolator load factor defined as 
Ww 


The force-deviation factor y.is shown graphically in Fig. 11 as a 
function of the dynamic deflection-characteristic height ratio 
z/h, and the isolator load factor X. This graphs indicates the 
fraction of characteristic height h, to which the dynamic deflec- 
tion amplitude z must be limited to produce a degree of lineariza- 
tion specified by the force-deviation factor 7. Referring to 
Eq. (18), when the isolator is loaded to produce a minimum na- 
tural frequency, the isolator load factor has a value of unity, 
i.e., (A) amin = 1. For forced vibrations, the dynamic deflection 
zx may be limited to the required value by having sufficient damp- 
ing in the isolator or by permitting vibrations only at frequencies 
sufficiently removed from the resonant frequency of the vibra- 
tion isolation system. 
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Analysis of Buckling Column Spring With 
Pivoted Ends and Uniform Rectangular 
Cross Section 


Design formulas and working charts are derived for predicting load-deflection charac- 


teristics and maximum bending stresses in initially straight buckling column springs, 
of uniform cross section, considered to be pin jointed at the supports. Load-deflection 
analysis is based on the study of a slender bar, compressed beyond critical buckling, 
made by Lagrange. Stresses are calculated using the elementary strength of materials 
theory. The predicted load-deflection curves for typical spring proportions are com- 


Introduction 


rT 1s well known that, when an initially straight 
and slender column of uniform cross section is subjected to a 
compressive end load lower than the critical buckling load, the 
corresponding deflection is very small and difficult to determine. 
However, as soon as the critical load is exceeded the column snaps 
out of the initial position of equilibrium almost instantly and the 
deflection begins to increase smoothly at a constant rate. The 
straight line portion of the load-deflection characteristics has a 
relatively low gradient and, therefore, it may be utilized by a 
spring designer in certain retaining mechanisms or low frequency 
devices where small working loads and large deflections are 
specified. 

The problem of critical buckling of a column was first discussed 
by Euler. The investigation of the shape of the load-deflection 
curve of a slender bar beyond critical buckling was made by 
Lagrange, Saint Venant, and others. Timoshenko [1 ]* described 
in some detail their theory of large deflections of buckled slender 
columns and gave load-deflection data for the bar built in at one 
end and free at the other. 

A typical illustration of load-deflection curve for a simple flat 
piece of steel, compressed between freely pivoted ends, is given in 
Fig. 1. 

1 Presently with Kaiser Aluminum and Chemical Corporation, 
Spokane, Wash. 

2? Numbers in brackets designate References at end of paper. 
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Nomenclature 


pared with the experimental results. 


Calculation of Load-Deflection Curve 


In making the analysis of centrally compressed bars the critical 
buckling load can be obtained by using the differential equation 
of the deflection curve identical with that employed in the study 
of initially straight beams subjected to bending. This assump- 
tion is valid when the side movement of the free end of the column 
under axial load is relatively small. 

The solution for the bar built in at one end and free at the other 
can be applied directly to a buckling column spring with hinged 
ends, since it is evident from the condition of symmetry that each 
half of the hinged bar behaves exactly the same as the entire 
built-in bar. This reasoning leads to the formula for the critical 
load of a buckling column spring with uniform rectangular cross 
section. 


P, = 0.82AE/m? (1) 


When the working load exceeds the critical value defined by 
equation (1) large deflections are produced for small increments 
of load. At this point the basic mathematical analysis should be 
modified to take into account a more accurate expression for 
curvature. 

Consider a simple built-in bar under a static load P applied at 
the free end with the system of co-ordinates X, Y as shown in 
Fig. 2. Here the free length is \ and the maximum vertical and 
horizontal co-ordinates are N and H, respectively. The maxi- 
mum angle between the tangent to the column and the X-axis is 
denoted by a. 

Timoshenko shows that the pertinent differential equation is: 


El(d@/dS) = —PY (2) 


A = cross-sectional area of buck- h = thickness of stock, in. S = length of are, in. 
ling column spring, in.? I = minimum moment of inertia X, Y = rectangular co-ordinates 
a = maximum slope of deflection of column cross section, in.‘ Z = section modulus, in.’ 
curve, de ror B = sin (a/2) 
B = auxiliary nl I K = VP/El ; 6 = deflection in direction of 
b = width of cross section, in. L = free length of buckling column buckling load, in. 
C,, C2 = factors for stress calculations spring, In. e = 6/L 
E = modulus of elasticity, psi M = bending moment, Ib-in. 6 = slope at a point of deflection 
E(g,x/2) = complete elliptic integral m = L/h curve, deg 
o = bending stress, psi N = maximum lateral displace- X\ = length of column in funda- 
F(g,x/2) = complete elliptic integral ment, in. mental buckling, in. 
Bn P = working load, lb = auxiliary variable 


A — —, in. 
9? in 
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P, = critical buckling load, lb 


factor for load calculation 
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Fig. 1 Nondimensional illustration of a typical load-deflection charac- 
teristic for a buckling column spring 


Transformation of equation (2), integration, and evaluation of the 
constant of integration gives the following expression: 


d6 
K 2Jo cos — 
In order to reduce equation (3) to a standard form involving ellip- 
tic integral new variables are introduced: 
B = sin (a/2) 
and 
B sin @ = sin (6/2) (4) 


Differentiating equation (4) with respect to @ and solving for d@ 
we get: 


2 
(5) 
V1 — BY sin? 
Hence, by substitution, expression (3) becomes: 
F x/2) 
A= { 
(6) 


The complete elliptic integral employed in equation (6) is usually 
defined as follows: 


do 


F (8, = 
0 V1 — B sin? 


The numerical value of F (8, x/2) can be obtained directly from 
standard mathematical tables [2]. 
Timoshenko derives an expression for the calculation of the 
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SECTION €-€ 


Fig. 2 Large deflection of buckled slender column with one end built in 
and the other free 


lateral deflection of the bar measured in the direction of Y-axis 
as shown in Fig. 2. 


N= zon (a/2) (7) 


The displacement of the free end of the column along the X-axis 
can also be calculated with the aid of elliptic integrals. From the 
trigonometry of the elementary length of the bar illustrated in 
Fig. 2, we have: 


dX = dS cos 6 (8) 


It can be shown by differentiation and transformation, that equa- 
tions (2) and (8) lead to the following auxiliary relation: 


Substituting dS from equation (9) into (8) and integrating, gives: 
cos 6 dé 


Introduction of auxiliary parameters from equation (4) into 
equation (10) and utilization of formula (6) result in the following 
design equation: 


(10) 


H = (11) 
Here another elliptic integral is defined as follows: 
= - fr" V1 — sin? do 
Equation (7) gives directly the total value of lateral deflection 
for a buckling column spring with hinged ends as shown in Fig. 3. 


The deflection in the direction of the applied load can be obtained 
from equation (11): 


2 
—[2E;. =) | (12) 
K 
Since both elliptic integrals are functions of a, measured be- 
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Fig. 3. Buckling column spring of uniform rectangular cross section is 
shown in deflected position between the pivoted ends 


> 
wi 
A 


0.05 0.10 O15 020 025 030035 
NONDIMENSIONAL RATIO,E« 


Fig. 4 Factor for calculation of load deflection characteristics for a 
buckling column spring 


tween the tangent at the free end of a column and X-axis, and de- 
pend solely on the ratio of 6/L, equation (12) may be rearranged 
to read: 


_ _BEI 
(L — 6)? 


It can be demonstrated graphically that B is well represented by 
the following relation: 


(13) 


B = 9.83 — 13.6¢€ (14) 
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NONDIMENSIONAL RATIOS. 


METHOD OF READING 


DOTTED AND ARROWED LINE SHOWS THE 


Fig. 5 Nondimensional chart for finding lateral deflection of a buckling 
column spring when longitudinal deflection 5 is given 


Here 


Substitution of equation (14) into (13) gives the final design 
equation for the calculation of load-deflection characteristics for 
a buckling column spring along the X-axis. 


AEy 


P= 


(15) 


Factor y given in Fig. 4 as a function of € may be approximated 
by a straight line relationship between the values of € = 0.05 to 
0.40 which are recommended as practical design limits for a 
buckling column spring. 

When the total displacement is computed with the aid of 
formula (15) the designer may wish to know the value of the cor- 
responding lateral displacement N. The study of equations (7) 
and (12) indicates that there is a unique relation between the 
lengthwise and lateral deflections for which a simple design chart 
is shown in Fig. 5. This design aid permits rapid prediction of 
lateral deflection N when 6 is either calculated or assigned. 


Calculation of Bending Stress 


When a simple flat column is compressed between the pivoted 
ends appreciable bending stress may develop even for a moderate 
load capacity. 

Whereas the derivation of the design formulas for deflection 
cannot be based on the theory of small deflection, an idea of the 
maximum bending stresses may be had by using elementary 
beam analysis. 

Assuming that the maximum bending moment increases in 
direct proportion to lateral displacement, 
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Fig. 6 Factors for computation of maximum bending stresses of a 
buckling column spring 


M = PN (16) 
the elementary strength of materials theory shows that the bend- 
ing stress is ¢ = M/Z, where Z denotes section modulus. Hence 
using equation (16) and section modulus for a rectangular cross 
section, we obtain: 

P mC; 


(17) 


The working load P may be eliminated with the aid of equation 
(15) to give an alternative design formula for stress as follows: 


(18) 
m 

In order to facilitate stress calculations, design curves are given 
in Fig. 6, illustrating the variation of stress factors C; and C2 with 
nondimensional ratio e. 

An auxiliary diagram for selection of stress levels in buckling 
column springs made of steel strip is shown in Fig. 11. These 
curves were calculated for a value of E = 30 X 10* psi, using 
formula (18) and the design chart in Fig. 6. The curves cover the 
working range with practical limiting values of € and m which 
correspond to buckling column springs investigated. 


Experimental Investigation of Load Deflection 
Characteristics 


Formula (15) indicates that the compressive end load acting on 
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Fig. 7 Comparison of computed and experimental curves for buckling 
column springs of uniform rectangular cross section 
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Fig. 8 Comparison of computed and experimental curves for buckling 
column springs of uniform rectangular cross section 
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Fig. 9 Comparison of computed and experimental curves for buckling 
column springs of uniform rectangular cross section 


a flat and slender column is directly proportional to the product 
of cross-sectional area times the modulus of elasticity and in- 
versely proportional to the square of length over thickness ratio 
when the value of € is kept constant. 

In order to provide a design check on the proposed calculation 
procedure, fifteen test samples were prepared involving four 
different thicknesses of flat stock h and various ratios m. Load- 
deflection characteristics for these samples were obtained on In- 
stron tester. The computations were made with the aid of formula 
(15) and the design curve in Fig. 4, for the values of € between 
0.05 and 0.40. Modulus of elasticity Z was checked experimen- 
tally by utilizing cantilever and three point loading beams and 
taking the average value from the two methods for all the repre- 
sentative thicknesses of material. The comparison between the 
test and theoretical results is illustrated in Figs. 7, 8, 9, and 10. 

In general, there is a fair correlation between the test and com- 
putation, both with respect to the absolute values of the working 
loads as well as the slopes of load-deflection curves. The dis- 
crepancies noted can probably be attributed to the experimental 
error in testing, including measurement of basic dimensions and 
determination of the modulus of elasticity. 

A simple rearrangement of formula (15) shows that the com- 
pressive load P is directly proportional to the cube of stock thick- 
ness h. It is, therefore, quite essential that this dimension should 
be accurately known before any design calculations are made. 
The length of the buckling column spring between the pivots is 
also critical although the percentage error in length measurement 
was found to be smaller. It is feasible that in an extreme case the 
two errors may be additive. 

Better agreement between the test and theory appeared to be 
for greater stock thicknesses under consideration. This trend 
might have been anticipated. The relative errors can be expected 
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Fig. 10 Comparison of computed and experimental curves for buckling 
column springs of uniform rectangular cross section 


to be more significant on very thin flat stock because of the manu- 
facturing and measuring difficulties. The average errors involved 
in the comparative study of the maximum and minimum working 
loads within the investigated range of € suggest that the design 
method adopted in this study may be considered as satisfactory 
for practical purposes. It was observed that the average dis- 
crepancy between the test and theory decreased in a general way 
from 8 to 1 per cent as the stock thickness h increased from 0.007 
to 0.031 in. In one case only the discrepancy of 23 per cent was 
noted for test sample No. 4 for which the stock thickness was a 
minimum and the column length to the thickness ratio m a 
maximum. This discrepancy was not apparent, although it could 
probably be attributed to cumulative errors in manufacturing, 
measurement, and testing of the spring. 


Conclusions 


The theoretical and experimental studies show that a greater 
portion of the load-deflection characteristics of a thin strip of 
steel, loaded as a round ended column, may be utilized in spring 
design where low rate and relatively large deflections are specified. 
Based on the present study the recommended range of deflection 
to free length ratio € is 0.05 to 0.40. 

Design equations and charts have been derived on the basis of 
classical Lagrange theory to aid in the preliminary calculation of 
load-deflection curves and maximum bending stresses. A number 
of load-deflection tests were performed using specimens of 
hardened and tempered steel with various degrees of slenderness 
and the results indicated a satisfactory agreement between the 
computed and measured values in the majority of experiments. 

Although no experimental investigation of bending stresses 
was made the calculations appear to indicate that appreciable 
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Fig." 11 Calculated maximum bending stresses in buckling column 
springs for range of recommended values of « and m. Modulus of 
elasticity, E = 30 X 10° psi. 


fiber stresses can develop in a buckling column spring for larger 
ratios of €. In certain cases, therefore, permanent set may be 
present in the spring for which the working ratio € is high. 

The theoretical analysis as well as tests show that great care 
should be exercised in selecting the thickness of stock the tolerance 
of which is often difficult to maintain in manufacture and measure 
with sufficient degree of accuracy. This is especially important 
in designs utilizing thin stock since the compressive end-load is 
directly proportional to the cube of thickness. 

Design equations (15), (17), and (18), together with graphical 
aids illustrated in Figs. 4, 5, and 6, are sufficient to effect the 
preliminary design of a buckling column spring. In addition, 
diagram in Fig. 11 may be helpful in the initial selection of work- 
ing stresses for column springs made of steel, provided a suitable 
safety factor depending on specific requirements is introduced. 
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DISCUSSION 


E. F. Masur® 


The problem treated by the author is, of course, not new and 
dates back at least to Kirchhoff. Because of its nonlinearity it is 
awkward to handle and the author has made a real contribution 
to the practice of the engineering profession in making available 
simple charts and design formulas. 

The assumptions on which the author’s analysis is based are re- 
viewed briefly. Simple beam theory is assumed to hold, that is, 
a linear relationship between the bending moment and the curva- 
ture. Since rather large deflections are admitted, this implies that 
the column must be extremely slender and the material must ex- 
hibit a high enough yield point to avoid the development of plastic 
deformations. Moreover, the column is assumed to be perfectly 
straight initially while the loads are applied concentrically. It 
is with the question of initial imperfections in the column that 
this discussion concerns itself. 

In the linear treatment of buckled columns the curvature is 
equated to d?Y /dz?; consequently, this linearized version predicts 
buckling at increasing amplitudes under constant axial force. 
On the other hand, it is well known that the ideal response curve 
(namely, a vertical line followed by a horizontal line) is altered 
severely in the presence of initial imperfections. For any but 
perfect columns the critical load is reached only as the lateral de- 
flections approach infinity. 

It may be of interest to investigate the effect of initial imper- 
fections on the force-displacement curve if the exact nonlinear 
equation is used. A similar result can be achieved with much less 
labor (but at slightly reduced accuracy) if the analysis is carried 
out through the use of the principle of virtual work. This ap- 
proach has been adopted in what follows. 

Let a simply supported column of length L be represented 
initially by a circular arc of radius ro, and let its “buckled’’ shape 
be again a circular are of radius r. Then the potential energy of 
the column under an axial force P can readily be seen to be given 
by 


_ 


V= L + PL 


sin# sin *) 
(19) 


6 


in which the first term represents the bending strain energy and 
the second term is the negative of the work done by the force as 
the two ends approach one another. The angles @ and are, 
respectively, one half the central angles of the column in its initial 
and final state and are related to the radii by 


L L 


To 


20 = (20) 


From the principle of virtual work it follows that the deriva- 
tive of V with respect to 6 vanishes. This leads to . 


12EI 
P = 


in which the trigonometric functions have been expanded in 
Taylor series near 8 = 0 and only the lowest terms have been re- 
tained. 

When @ is equated to zero equation (21) is essentially the equa- 
tion obtained by the author, although the factor of 12 represents 


(21) 


3 Professor of Engineering Mechanics, The University of Michigan, 
Ann Arbor, Mich. 
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Fig. 12 Stress-strain curves 


an increase of slightly more than 20 per cent over the exact value; 
this is due to the choice of the buckling mode. If finally the angle 
4 is related to the axial strain € = 6/L, then, after some straight- 
forward manipulations and simplifications, the following formula 
is obtained: 


1 
1 = 
\ +; gre 
In equation (22) ¢ is a measure of the initial imperfection and is 
given by 


(22) 
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= L/Ny (23) 


in which No is the initial amplitude of imperfection. Again, in 
the case treated by the author, ¢ is infinitely large and equation 
(22) degenerates essentially to the author’s equation (15). On the 
other hand, if the term 1 + 0.6€ were replaced by unity, equation 
(22) would represent the linearized version of the column buck- 
ling equation with initial imperfections. 

As expected, the effect of the initial imperfection is strongest for 
very small values of €. It is, however, of interest to note that 
within the range in which the author is interested this effect 
diminishes rapidly. Fig. 12 shows response curves for 
= 400, 100, and 25. For a value of m = 100 this corresponds 
to an initial imperfection of h/4, h, and 4h, respectively. It is 
seen that in all cases the straight line given by the author is ap- 
proached asymptotically and, except for the third case of severe 
initial imperfection, very rapidly. This seems to confirm the fact 
that the author’s equation is applicable to all but very crooked 
spring columns within the range envisaged in the original paper. 
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The author wishes to thank Professor Masur for his comments 
on the paper and for suggesting a very interesting procedure for 
additional derivations of stress and load equations corroborating 
some of the assumptions made in the study of column springs. 
Professor Masur pointed out various mathematical aspects which 
help to bridge the gap between the theory of large deflections of 
centrally loaded slender columns and that which deals with 
critical buckling of columns with initial imperfections. 

It is gratifying to note that for relatively larger values of 
L/N, and higher values of axial strain 6/L the theoretical stress- 
strain curve as given in Fig. 12 approaches the straight-line func- 
tion confirmed by experiments described in the paper. Practical 
experience with buckling column springs indicates that the de- 
sign value of € is seldom taken to be less than 0.1 and more than 
0.3. Both values are found to be within the recommended limits 
in the paper. Under these conditions the problem of initial 
imperfections on one hand and plastic deformation on the other 
can usually be avoided provided the ratio of length/thickness of 
stock is larger than 200. 
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The Vibration of Shaft Ropes With Time- 
Variable Length, Treated by Means of 
Riemann’s Method 


Longitudinal vibrations in the ropes of a mining hoist, introduced by application of the 
emergency brake, are complicated by the change in rope length during the braking action. 
The usual method of the Laplace transform cannot be applied to the governing one- 
dimensional wave equation y, — a*y,, = 0, since the field of integration deviates 
from the semi-infinite strip O< x<h,O<t< ©. In this paper it will be shown 
how the rigorous solution can be found by using Riemann’s method of the characteristic 
curves. Instead of the boundary values for the deviation y certain differential rela- 
tions are given which describe the dynamic conditions at the discrete masses, e.g., the 


Introduction 


Bausie vertical shaft mining utilizes for the deeper 
mines almost exclusively the balanced Koepe hoist for transport 
of material through the shaft whereby the power of the electri- 
cally driven Koepe pulley is transmitted to the winding rope via 
frictional forces between the rope and the pulley. Fig. 1 shows a 
diagrammatic view of such a system. The main motion of the 
system may sometimes be accompanied by secondary, oscillatory 
motions due to its inertia and its elasticity. Under certain condi- 
tions this may lead to irregular running of the cages. 

Transverse vibrations may be introduced by imperfections in 
the construction of the Koepe pulley or of the deflecting sheave. 

Longitudinal vibrations are introduced during the periods of 
acceleration and deceleration and particularly when the emer- 
gency brake is suddenly applied. 

The study of the oscillatory motions of the hoisting system for 
deep mines, whereby the mass of the winding rope cannot be 
neglected with respect to the concentrated masses (cages, Koepe 
pulley, and deflecting sheave) involves the need of finding solu- 


1At present, Research Engineer, Industrial Products Research 
Laboratory, E. I. du Pont de Nemours & Company, Inc., Newport, 
Dela. 

Contributed by the Machine Design Division and presented at the 
Summer-Annual Meeting, Dallas, Texas, June 5-9, 1960, of THe 
Society oF MecHANICAL ENGINEERS. Manuscript re- 
ceived at ASME Headquarters, July 27, 1959. Paper No. 60—SA- 
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cages and the Koepe pulley. 


tions of the one-dimensional wave equation with complicated 
boundary conditions. The fact that the length of the various 
rope parts changes during the vibrations provides an additional 
complication which, in general, excludes the applicability of cer- 
tain standard methods of solution. 

In the case of longitudinal vibrations, where the velocity of 
propagation of the waves in the rope parts is very much greater 
than the rate of change in length of the parts, this length change 
may very often be neglected. Under this condition the method of 
Laplace transformation is applicable although it must be noted 
that the solution for the entire hoisting gear becomes involved 
and numerical work very tedious. 

In the case of transverse vibrations the velocity of propagation 
depends on the tensile force in the rope. It can be shown that 
this velocity is of the same order of magnitude as the cage ve- 
locity. Consequently, changes in rope length cannot be neglected 
and therefore the method of the Laplace transformation ceases to 
be applicable. 

This paper deals with a special case of longitudinal vibrations 
in which the rate of change in rope length is so high that it can 
not be neglected. This case is more comprehensive than that of 
transverse vibrations with time variable rope length because here 
both the change in rope length and the boundary conditions com- 
plicated by differentiations occur. For the sake of simplicity a 
special case will be worked out with only one rope part and two 
discrete masses. The extension to a complete hoisting system can 
then be made without any basic difficulties. 


Nomenclature 


a = velocity of propagation of the 


y = longitudinal deviation: depend- M, = cage mass 
waves ent variable measured with 
xed in space 
brake force V> = initial velocity 
A, Aj, Ay’, As, Aa’ 
1 1 2 2 
ly = initial rope length = =. Va = Oty Po, Py’, Py’, P,, Py, 
2 
- Ut) = rope length at instant t ot ot ‘ 
: ‘ a) constants depending on the prop- = points of the moving system at cer- 
{ = time co-ordinate 8 erties of the rope, the concen- tain instances 
x = material co-ordinate measured Y trated masses, and the brake 


along the rop* iength } force 
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I,, I, = integrals defined by (10) 
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Mathematical Formulation 


Consider a tightly stretched rope (see Fig. 2). The left end of 
the rope is connected to the mass M;, which represents the cage. 
The mass M, is located at a distance l(t) from M;. Mg is the re- 
duced mass of the Koepe pulley.? 

When ¢ S 0, the mass M, and the rope move to the left at a 
constant velocity Vo. The contact between the rope and the 
mass M, (Koepe pulley) is assumed to be a rolling contact without 
slipping. Att = 0 a force P, directed to the right (the brake 
force), is suddenly applied to the Koepe pulley Mo. The distance 
between a given rope cross section and M; att S 0 is taken as the 
independent material variable z. 

The total displacement y with respect to a reference frame fixed 
in space is governed by the partial differential equation 


Yu — a’y,, = 0 (1) 


provided that damping influences may be neglected. The quan- 
tity a is the velocity of propagation of longitudinal waves in the 
rope. 

The initial conditions are given by 


t=0 
> =90, = —Vo 
0<zr<h 
and the boundary conditions by 


t20 


x=0 


t20 


where 


Ve = ay, (equation of motion of M,) 


(equation of motion of Mo) 


/ 


the total differential of y with respect to t. The quantities a, B, 
and ¥ are constants which can be calculated from the properties 
of the rope, the magnitude of the concentrated masses, and the 
braking force. 

It may be mentioned here that any other mathematically 
necessary and sufficient boundary condition at x = I(t), differing 
from the physically correct one just given, will make the prob- 
lem of finding the analytical solution exceedingly more compli- 
cated. 

The material co-ordinate x = l(t) of the Koepe pulley Mo can 
be found from the following considerations: I(t) is equal to the 
original distance J) between M, and M, plus the length of that 
rope part which passed M, during the time interval from zero to 
t provided this length is based on the rope tension att S$ 0. The 
length of the rope part which passes M, during At’ between t’ 
and t’ + At’ is given by 


Ay{(t’), t’} (rope tension at t = t’) 


and by 
ae (rope tension at t $ 0, rope motion to the right) 
1+ (24) 

Ox Mo- 


2 The horizontal setup can be easily justified, since the gravitation 
merely provides a prestressin the rope. Variations in prestress along 
the rope due to the weight of the rope will be neglected. 
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respectively, by 
Ay{ l(t’), t’} 
oy 
( ox 


consequently: 


y (lo, t) d 
Kt) =h f 
0 1+ (2) 


(rope motion to the right) 


(rope motion to the left) 


respectively, 
dy 


Kt) = b f 
0 1+ (24). 


(rope motion to the left) } 


The coupling between /(t) and the dependent variable y as ex- 
pressed in (3) makes the problem nonlinear. Since our main pur- 
pose is the calculation of the influence of the variation in time 
that it takes the waves to travel from M, to M, and vice versa, we 
shall neglect dy/dz in (3) with respect to unity and take for 
u(y, t) the main motion 


KOEPE PULLEY 


DE FLECTINGSHEAVE 


WINDING ROPE 


BALANCE ROPE 
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brake force 
total moving mass 


a, = average deceleration = 


Accordingly: 


2 
I(t) =e + Ve 


Fig. 3 shows the field of integration. Since it does not consist 
of a rectangular semi-infinite strip parallel to the ¢-axis, the 
method of the Laplace transformation cannot be applied here.* 
It will be demonstrated that the rigorous solution of this problem 
can be found by means of Riemann’s characteristic curves method. 


Application of Riemann’s Method: 
The starting point of this method is the integral equation 


F (a*y,dt + ydz) = 0 (4) 


3G. Doetsch, ‘‘Handbuch der Laplace-transformation,” band III, 
Verlag Birkhauser, Basel, Switzerland, p. 16. 

*P. Frank and R. v. Mises, “Die Differential gleichungen und 
Integral gleichungen der Mechanik und Physik,”’ vol. I, XVIII par. 4, 
Vieweg, Braunschweig, Germany, 2 Aufl. 


which is equivalent to (1) and can be derived from Green’s 
formula for self-adjoint differential equations. 

In order to determine the value of y in a point A of the field of 
integration with the aid of (4), when the function y is known on 
the boundary of the field of integration, a contour is chosen 
consisting of two parts of the characteristic curves through A 
and the part of the boundary of the field of integration between 
these curves (Fig. 4). Then, three equivalent expressions can be 
found: 


Ai 
Aa 
1 
A: 


Ai 
yA) = + += + (66) 


The integrations in (5) have to be carried out along the bound- 
ary of the field of integration. 

In order to be able to use (5) one must know the value of y and 
both its tangential and normal derivatives along the boundary. 
One linear relation between the tangential and the normal deriva- 
tive, of course, is given with y. A second linear relation can be 
calculated if, for example, both derivatives are given on Py — P,. 
This is just the necessary and sufficient condition to make the 
problem physically determined. 

When in Fig. 4, B, and B,’ are two points of the characteristic _ 
z + at = constant, and B,’ lies on Py — P;,’ it can be derived 


1 
that, since y, + p, y,; = constant along z + at = constant: 


1 1 
y.(B,') = y(B,) + y(B,) — (B,’) (6a) 


For 2 points B, and B,’ of the characteristic x — at = constant 
where B,’ lies on P; — Po’, we find 


1 
because y, — _ y, = constant along z — at = constant. 


It can be seen that by repeating this method the desired second 
linear relation, expressed in the form of equation (6), can be found 
for every arbitrary point of the boundary. 

From the foregoing it follows that with regard to the problem 
under consideration we can restrict ourselves to finding the func- 
tion value y on the boundary of the field of integration. 


Determination of the Function y in a Point A,’ Between 
P, and P,’ (Fig. 5) 
Application of (5a) gives: 


1 Ai 
y(A;’) = — f (a*y,dt + y,dr) 
a A’ 


(7) 


Po 1 Ai 
-of y,dt + — ydz =1I+1I 
Ai’ a Po 


(along A,’ — Po: dz = 0; along Py — Ai: dt = 0) 
The integral IJ gives: 


Po a 
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In integral J we substitute the boundary conditions — Ye = Ys: 


Py 
{-Vo — y(Ai’)} 


Substitution of J and JJ into (7) yields: 


This is an ordinary differential equation of y with respect to ¢ on 
P, — P,', with the initial condition: t = 0: y= 0O(in Po). Inte- 
gration of (8) gives: 

y(Ai’) = —Vot (9) 


In order to determine the function y on x = 0 when t > P,', we 
first have to calculate y on the curvilinear boundary between P; 
and Py’. 


Determination of the Function y in a Point 4,’ on the Bound- 
ary Between p, and P,’ (Fig. 5) 
t 


Application of (5a) gives: 


1 

y(A2’) = — f (a*y,dt + 
A: 


(a*y,dt + 


Pi 


The first integral can be integrated immediately: 


(10) 


Py 
A: 


or, in terms of the time co-ordinate of the point A’: 


a 2 


The second integral, J, is an integration along the line z — Vot 


(11) 


2 
+ = l, where, consequently, dr = (Vo — a;t)dt. Substitu- 
tion of this into J; yields: 
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1 
I, = — {aty, + (Vo ayt)y,} dt 
@ JP, 


In order to integrate J,, both partial derivatives y, and y, have 
to be expressed in total derivatives with respect to ¢ since both z 


and ¢ change along the path of integration. We have, ‘along 
P i= 


= + (Vo — at)y, (12) 


The boundary condition for P; — A,’ gives: 


dt 


Substitution of this into J. gives: 


1 4 ye — (Vo — at)*) ( 
I, se 
a B 


d*y 


d*y 


ad) dt (14) 


Ys 


Substitution of (11) and (14) into (10) gives: 


a 2 


dt 


We differentiate this equation with respect to ¢: 


dy 


= — a) — 


a B 


dt? 
(15) 


We 
After rearranging the various terms 


since at P; bothdy/dt = 0 and y — d*y/dt? = 0 [see (13)]. 
introduce T = Vo — ait. 
we have: 
a d*y dy Vo y(a + 7) 
This is an ordinary differential equation of y with respect to rT. 


d 
The initial conditions at ¢ = 0, which were y = 0, — = —Vz 


Equation (16) can be integrated twice, the final result for y as a 
function of ton P; — Po’ being 
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From (12) and (13) we find: 
ay 
Uz B 
| 
=X - 
: 
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a ye a 
| 
aw ve 


{(a + Vo — at)? — (a + Vo)*} + 
2a, (: 


aq 


an 


Equation (17) gives the total displacement y of the rope at the 
Koepe pulley for 0 < ¢ < t(Po’). Equation (17) can be used for 
the calculation of the excess rope tension at the Koepe pulley 
during that time interval: 


which follows immediately from (15) or (16). 


Determination of the Function i in an Arbitrary Point of the 
Boundary (Fig. 6) 
The calculation of the function y in a point of the boundary 


between P,’ and P,” follows again from equation (5a) without 
principal difficulties, since y is now known on P,P,’ [equation 
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Fig. 6 
(17)]. It will be clear that, by alternatively calculating the 
function y on parts of the left and right boundary, the total 


displacement y can be found in any point of the boundary, which 
means that the problem has been solved essentially. 
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Introduction 


EEL castings and steel weldments are competitive 

materials employed in ferrous metal fabrications. They are at 
times used as replacements for each other in engineering struc- 
tures, depending on the cost and quantity differential and the 
familiarity which the designer has in the material of construction 
and the service application of the particular engineering struc- 
ture. 
- The studies of this research were undertaken with the express 
purpose of providing information on the design of steel casting 
and weldment sections and a comparison of the properties of these 
sections, so that the design engineer may be more familiar with 
the engineering characteristics of these two methods of fabrication 
for use in stress-carrying parts of engineering structures. 

The L design is probably the most common method of joining 
sections in any engineering structure, and its design extension, the 
box section, is likewise found in numerous machines and struc- 
tures. The studies of this research were designed to collect ex- 
perimental data on the response of these sections, when produced 
as steel castings and weldments of wrought steel plates, when they 
were subjected to static and dynamic loads. The performance of 
these structures was then compared. 

. The L and box section test specimens employed in this research 
were manufactured by methods which are considered standard 
commercial practice for each process. The wrought and cast 
steels used were carbon steels normally employed and generally 
specified for each particular manufacturing process. The tensile 
strengths of these steels were not the same, but they were gen- 
erally comparable and were very representative of each of the 
particular manufacturing processes. The tensile strength of 
the as-welded and stress-relieved weld deposit was comparable 
to the tensile properties of the cast steel. The tensile strength 
of the weld metal deposited by the submerged are process was 
superior to that of the wrought steel, but was similar to the cast 
steel tensile properties. 

It might have been desirable to have these two materials of 
comparable tensile strengths, but the essential requirement was 
that the study and the comparison of these materials should be 
based on normal commercial weldments and steel castings, as 
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they are generally specified for similar service applications. It is 
information of this type that is of interest to the designer, as he 
must work with the materials which are readily available at mini- 
mum costs. The interest lies in a comparison of casting and weld- 
ment designs; not of cast steel and wrought steel plate. Product 
engineers are concerned with comparing normal commercial steel 
castings with normal commercial weldments of the same design 
for the same intended service. 

This research encompassed a study of commercial products of 
fabrication, therefore, there was no selection made of the speci- 
mens to be tested. The cast and welded specimens were con- 
sidered satisfactory for testing if they passed visual inspection 
by the producer. 

The research agency, Case Institute of Technology, had the 
specimens examined by magnetic particle inspection and by 
radiography for the purpose of evaluating the performance of the 
specimens with the type and degree of discontinuities, if present; 
but no test specimens were rejected on this basis. All test speci- 
mens were employed in the investigation regardless of the pres- 
ence or absence of surface or internal discontinuities. 

All weldments were produced from one shipment of rolled 
plates. The castings were produced by two steel foundries in 
several heats, but the composition of all castings fell within the 
chemical limits of Table 1. 

The castings met the requirements of ASTM A 27-55, Class 
70-36. The wrought steel plates were purchased to meet the re- 
quirements of ASTM A 285-54, Grade C. 

The tensile properties of the steel castings and of the steel plate 
are given in Table 2. Tests were made from each casting heat 
after the castings had received a 1650-F normalizing heat-treat- 


Table 1 Composition of castings and weldments 


Castings 


0.23 - 0.27 
0.65 - 0.75 
0.35 - 0.50 
0.012 - 0.035 
0.015 - 0.035 


Weldments 


0.22 
0.45 
0.07 
0.015 
0.036 


Carbon 
Manganese 
Silicon 
Phosphorus 
Sulfur 


Table 2. Properties of steel castings and steel plate 


Castings Plate 


Stress 
Normalized, Relieved, 
1650°F 1100°F 


75000-82000 62000-63500 59600-63300 
44000-50000 33000-35000 32400-38400 


As 
Received 


Tensile strength, psi 
Yield strength, psi 
Elongation, 

percent in 2 in. 


Reduction of area, 
percent 


29-33 34-36 38-39 


49-54 55-60 57 
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ment at the foundry. All steel castings are given at least a normal- 
izing heat-treatment prior to their shipment from steel foundries. 
Since this is a normal industry practice, the heat-treatment was 
likewise carried out for the castings for thisstudy. The wrought 
steel plates were tested in the ‘as-received’ condition, which is 
normal for weldments. However, some of the welded designs were 
stress-relieved at 1100 F, therefore, tests were made of the plate 
in the stress-relieved condition as well. 


Specimen Designs 


Two designs were employed, an L design (Fig. 1) and a box de- 
sign (Fig. 2). The castings and the weldments were produced as 
parts, as shown in Fig. 3. The section thickness was 5/s in. The 
castings were approximately 6%/, in. high and produced 5 samples. 
The weldments were 20 in. long and yielded 14 samples. The 
samples, °/s X 1-in. cross sections, were obtained from the part 
by sawing and machining. 

Good design requires that the junction of sections be filleted. 
Four different corner designs were tested as steel castings. Also, 
three different corner designs were investigated as weldments, 
however, only two of these were the same as the casting designs. 
The dimensions of the desired radii are given in Table 3 and il- 
lustrated in Figs. 4, 5, and 6. 

The corner designs (see Figs. 5 and 6) represent a range of de- 
sign practices. Those that may be normal for casting designs are 
not common for weldment designs. Also, the opposite is true. 
In only two cases are the designs comparable. These are designs 
1 and 2, and even these designs are not preferred by foundrymen 
because of solidification problems. Foundrymen would prefer 
the uniform section of the legs at the junction and, therefore, 
designs 3 and 4 are the approved foundry designs. 

The weldment designs 1 and 2 are preferred by fabricators for 
both static and dynamic loading, and full strength is obtainable 
for all loadings. Weldment design 5, the single fillet welded 
joint, however, is used in product design because fabricators can 
weld the structure from only one side. This use of this design 
is on the basis of low cost construction. It should not be used 
when tension resulting from bending is concentrated at the root 
of the weld, nor should it be used when the joint is subject to 
fatigue or impact loading. However, in some cases, this joint is 
used in such services, because the part is so constructed that 
welding is only possible from one side. Many parts in dynamic 
loading have been observed with the single fillet welded joint of 
type 5. 

The box design castings were produced with all corners alike. 
This was not possible in the case of the welded box designs, which 
were made by producing type 1 or type 2 corners and then weld- 
ing the two L plates together with type 5 design. Fig. 7 shows a 
welded box section of type 1 corner welded with a type 5 corner 
design. The test loads were applied at the type 5 corner so as to 
test type 1 and 2 corners. 

The dimensions of the finished L and box section ready for 


Table 3 Corner radii of the design 


Radius, Inches 


Casting Weldment Inside Outside Width of 
No. No. Fillets Corners Joints, In. 


1-LC 1-LW 5/8 Oto 1/8 1.010 
2-LC 2-LW 5/8 5/8 0.883 
3-LC _ 5/8 1-1/4 0.625 
4-LC _ 1/4 7/8 0.625 
5-LW 0* 5/8 0.625 


OUTSIDE 


LOAD 
Fig. 1 Sketch of the L design specimen 


OUTSIDE 
FILLET 


KNEE 


INSIDE 
FILLET 


INSIDE 
FILLET. 


FILLET 


Fig. 2 Sketch of the box design specimen 


1%" HOLES 
TO BE DRILLED 


Can! 


Fig. 3 Sketch of gross unit for L design and bx design 
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DESIGN 1 
OUTSIDE FILLET.¥&" DESIGN 
OUTSIDE FILLET % 
DESIGNS 2 AND 5-—~# 
OUTSIDE FILLET 5%" 


DESIGN 5 - NO FILLET 


DESIGNS /,2,3 ..., 
OUTSIDE FILLET % 


DESIGN 3 


DESIGN 4 
INSIDE FILLET % 


Fig. 4 Consolidated view of the corner designs studied 


Fig. 7 Weld fillet geometry for corner designs 1 and 5 in the box section 
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Fig. 6 Sketch illustrating fabrication techniques employed in producing 
corner joints 


2-W 


testing are shown in Figs. 8 and 9. The test specimens were cut 
from the castings and weldments, machined and ground to the 
required thickness. The loading pin holes of the L section were 
drilled and reamed to 1.25 in., and fitted with needle bearings to 
prevent fretting and subsequent sticking during fatigue test- 
ing. 


Weldment Specimens 


Specimens were prepared by both machine and hand welding. 
The plates were sheared to size and gas cut for welding. Lincoln 
Electric LH-70 rod was used for hand welding. A 5/3:-in. diameter 
L-60 rod was used for machine welding. Figs. 10 and 11 show 
the pass sequence in hand welding of the L design. No backing 
bars were used. Welding data are given in Table 4. Welding 
was started cold and peening was done only for slag removal. 
Weldment design 1 was constructed so that the plate would act as 
its own back-up bar. This plate area was then chipped out prior 
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¢ éé 
3-B8-C 4¥-B-C 
Fig. 5 Corner type designs for cast steel specimens 


4 


Fig. 8 Dimensions of the L specimen 


Fig. 10 Sketch of the plate preparation for type 1 corner design. Inset 
shows details of pass sequences of hand welding type 1 corner design 


to welding the fillet so that a completely penetrated weld would 
be obtained. 

The machine-welded corners were prepared by submerged arc 
using a Lincoln LAF-2 automatic machine with an SE 600 amp 
d-c motor generator. A speed of 24in. per minute was used. Fig. 
12 gives the pass sequence used for corner designs 1 and 2 and 
Table 5 gives machine welding data. 

Passes 6, 7, and 8 were not used in design 5. Neither preheating 
nor postheating was required, and there was no peening between 
passes. Some specimens were stress relieved at 1100 F before 
testing. 
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FOR TYPES OF 
WELDING CORNER 
SEE FIGURE 7 


LOADING PIN 


Fig. 11 Welding pass se- 
quence for type 1 corner 
design for hand welding 


Fig. 12 Pass sequences for machine welding (submerged arc welding) 


corner designs 1, 2,and 5. Type 5 is similar to the upper porticn of type 
2. 
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Table 4 Welding of corner designs 1 and 2 


Table 5 Machine welding data for weldment corner designs 1, 2, and 5 


Design 1 


Electrode 
Size 


5/32 
3/16 
3/16 
3/16 
3/16 
5/32 
3/16 
3/16 


Designs 2 and § 
Electrode 
Size 
5/32 
3/16 
3/16 
3/16 
3/16 
3/16 
3/16 
5/32 
3/16 
3/16 


Pass No. Amperes 


200 
275 
275 
275 
275 
275 
275 
200 
275 
275 


Amperes Pass No. 


* Design 5 did not have beads 8, 9 and 10. 


Resulting Welded Design Fillets 


The drawings of Fig. 6 show a well-radiused junction fillet for 
the weld fabrication designs. However, the actual fillets as pro- 
duced by welding, are not a radius, but are flat with rather sharp 
corners at the leg junctions, such as shown in Fig. 7 and in the 
radiographs of Fig. 13. These fillets were not altered by grinding 
or machining to form perfect radii, since these are the typical 
fillets obtained in commercial welding and are found in weld- 
ments—they were tested in the shapes produced. 


Specimen Quality 

All finished machine specimens were radiographed prior to 
their being tested. However, the radiographic results were not 
passed on to the testing engineer, because they might have in- 
fluenced his selection of specimens for testing. The selection of 


Table 6 Radiographic interpretation of steel casting specimens 


Corner No. of 
Design Radiographs 


Radiographic Classification 
None 1 2 3 4 5 


Style 


] 
2 
3 
4 
] 
3 


Fig. 13 Radiography of welded specimens of junction 
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Pass No. Amperes 


Dur 


specimens for test was a random one, the same as any buyer 
would get when employing weldments or castings purchased to 
specifications which do not require nondestructive inspection. 
The radiographic quality information was used, however, in the 
evaluation of the test results. A radiograph of a -weldment and 
of a casting showing discontinuities is illustrated in Fig. 13 and 
Fig. 14. 

The steel casting radiographs were classified according to 
ASTM E 71-52. Only the area in the neighborhood of the junc- 
tion was rated. The greater the radiographic classification num- 
ber, the greater the severity of the discontinuity. The radio- 
graphic inspection results are listed in Table 6. 

The discontinuities found were only those resulting from 


Fig. 14 Radiography of casting specimens at junction 
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350 25-27 
200 
400 
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350 25-27 
400 25-27 
400 25-27 
275 8* 
Q* 
10* 
| 
: 10 3] 4 2 0 0 
382 203 98 23-27 
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Table 7 Weldment specimens,* radiographic inspection 


No. of 


Welding Corner Weld-  Radio- Severity Rating 


Process Design ment graphs None A = 
Hand 1 26 0 
Hand 2 L 56 “a. 44-70. 2 8 8 
Hand Box 60 3 ze" 3-4 
Hand 2 Box -70 68 
Machine 2 Box 65 59 a 2. 28-8 

409 200 75 44 60 10 20 


* Weldment corner design No. 5, the single fillet welded joint 
showed incomplete penetration and lack of fusion at the 
_ inside corner for all specimens. 


shrinkage, because of the unfed hot spot which was a result of the 
increased mass at the junction. a 

The radiographs of the steel weldments were classified accord- 
ing to ASTM E 99-55T. Discontinuities of rating A are minor, 
whereas those of Class E are very severe. The results are listed 
in Table 7. The weldment radiographs showed no porosity, but 
discontinuities resulting from the presence of slag, incomplete 
penetration and lack of fusion, were observed in various degrees of 
severity. The per cent of each corner design entirely free of dis- 
continuities at the section junctions was as follows: 


Per cent————— 
Design Casting Weldment 
1 82 ll 
2 67 82 
3 71 _ 
4 93 
5 _ 0 


Weldment design 1, corner 1, was of low quality, and the 
radiographs of these weldments apparently indicated the reason. 
It was pointed out that the section produced its own backing strip, 
and that after the outside weld was made, the section and the base 
of the weld bead were to be chipped out prior to the laying of the 
fillet weld. Apparently, the chipping operation was not carried 
out prior to welding the fillet as specified. 


Static Tests 


Failure of an engineering part occurs either by fracturing or by 
yielding, so that it malfunctions. A comparison of section junc- 
tions of weldments and castings was made to determine the loads 
which would produce yielding of the structure. Both the L and 
box sections were tested in tension. Wire strain gages, with a 
length of !/, in. were mounted so that the gage spanned the point 
of estimated maximum stress. The load, which caused an offset 
of 0.2 per cent on the load-strain curve, was defined as the yield 
load in pounds. Yield load rather than yield stress was reported 
because of the uncertainty of defining stress precisely from either 
strain measurements or theoretical calculations based on load, 
geometry, and stress-strain laws for the particular material. 
Statice yield loads for steel weldments and castings are given in 
Table 8. 

Casting L design 4 was not tested, because it was the same cross 
section as that of corner design 3. Weldment design L-5 was not 
tested because of the low fatigue test values for this design, as will 
be shown later. The width of the section junction is the same as 
that of casting design L-3 (0.625 inches). A preliminary value 
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Table 8 Static yield loads 


Heat Tr. 
or Average 


Stress No.of Yield Section 


Sample Relief Speci- Load Width in 
No.* Process 1100°F mens Ilbs.** Inches 
1-LC Casting Norm. 5 2100 1.010 

2-LC Casting Norm. 5 2100 0.883 
3-LC Casting Norm. 5 1460 0.625 
1-BC Casting Norm. 20 10900 1.010 
2-BC Casting Norm. — — 

3-BC Casting Norm. 20 7570 0.625 
1-LW Hand Welding No 4 1730 1.010 
1-LW Machine Welding No 4 1650 

2-LW Hand Welding No 4° 1880 0.883 
2-LW Machine Welding No 4 1640 

1-BW Hand Welding No 4 7400 1.010 
1-BW Machine Welding No 5 7570 

1-BW Machine Welding Yes 4 7470 

2-BW Hand Welding No 4 7830 0.883 
2-BW Hand Welding Yes 4 7250 

2-BW Machine Welding No > 7350 

2-BW Machine Welding Yes § 7200 


* Sample designation: number indicates corner design; 
L or B shows L or box section; C or W indicates casting 
or weldment 

** Maximum variation did not exceed + 4 percent. 


PT 


Jorm, normalize heat treatment 


Table 9 Yield load of eavivalent casting and weldment designs 


Yield loads, lbs. + 


Designs Casting Weldment 
L Corner 1 2100 1690 
L Corner 2 2100 1610 
Box Corner | 10900 7480 
Box Corner 2 approx. 10000 7410 


would indicate that the yield load was in the neighborhood of 1000 
to 1100 pounds. 

_ The breaking load of the specimen varied somewhat. This 
was especially true of the L designs, probably because of the 
difficulty of alignment of the L shape in tensile testing. 

Table 8 illustrates that there is no clear distinction between 
hand and machine welding «s far as yield load is concerned, and 
no great effect can be attributed to the employment of stress re- 
lief heat-treatment. Therefore, all yield load values on a given 
corner design can be averaged. Table 9 shows a comparison of the 
average yield loads for the two structures. 

The steel casting yields at a significantly higher load, of about 
33 per cent, than the corresponding weldment. However, the 
cast steel has about a 33 per cent higher yield strength than the 
steel plate normally used for commercial weldments. The yield 
loads vary for pronounced changes in design; for example, the 
yield loads for the box section are 5 times those of the L section 


Stress Concentration Factors 


Each of the 5 different corner designs has a different stress con- 
centration factor. The stress concentration factor is defined as 
the ratio of the observed stress, as determined experimentally 
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Table 10 Stress concentration factors for the L and box designs 


Factors determined by: 


Photo- Strain 
elasticity Measurementt 


Corner 


Design Process 


1-L Casting 1.21 1.17 
2-L Casting 1.23 Lz 
3-L Casting 1.36 1.33 
4-L Casting 1.58 — 
1-L Weldment 1.21 1.64 
2-L Weldment 1.23 1.92 
5-L Weldment 1.52 — 
1 Box Casting 1.21 1.37 
2 Box Casting 1.23 -- 
3 Box Casting 1.36 1.40 
4 Box Casting 1.58 — 
1 Box Weldment 12) 2.13 
2 Box Weldment La 2.10 
5 Box Weldment 1.52 — 


+ Average of from 4 to 10 test measurements. 


from strain measurements, to the nominal (calculated stress).® 
However, it is not always possible or practical in planning a de- 
sign to make the part and measure the yield load before final selec- 
tion of the material and the method of manufacture, as has been 
done in these studies. Nevertheless, it is necessary to have some 
means of computing the limiting load and determinin~ the stress 
concentration factors. Another method of arriving at a value of 
stress concentration factor is by photoelasticity.* In this case, 
the stress concentration factor is the ratio of the photoelastic 
stress divided by the nominal stress.7_ The stress concentration 
factors computed from the experimentally measured strains and 
from photoelastic stress should agree, and Table 10 gives the 
stress concentration factors for the various corner designs as de- 
termined by these two methods. , 

» The data in Table 10 are significant. Many designers rely on 
photoelastic measurements, but the photoelastic specimens are 
idealized in that they duplicate the drawing exactly and do not 
have any manufacturing imperfections of surfaces or sections. 
The loading tests and strain measurements, on the other hand, 
are made on actual parts with all their deviations from the ideal 
drawing and surface imperfections. Therefore, the stress con- 
centration factor, determined from photoelastic measurements, is 
the ideal factor, while that which is obtained from strain gage 
measurements is more nearly the actual stress concentration fac- 
tor. 

The two stress concentration factors agree remarkably well for the 
steel castings, but the photoelastic method greatly underestimates the 
strain measurement determined factor for the weldments. The 
major reason for this deviation is the inevitable departure of the 
fillet geometry from that shown by the idealized drawings. The 
drawing of Fig. 6 shows a fillet of weld metal to a geometrical 
radius and smooth blending to the legs of the joining sections. 
However, the actual welds, produced commercially, have flat 
surfaces (see Figs. 7, 13, and 15a), and what is worse, the fillet is 
commonly unsymmetrical (Fig. 156). Such uncontrolled de- 
parture from the drawing not only adds to the stress concentra- 


5 Appendix II presents stress concentration factors as obtained 
from experimental strain measurements. 

® Appendix I is a discussion of the photoelastic studies of corner 
designs. 

7 Appendix III illustrates stress concentration factors from photo- 
elastic studies. 
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Fig. 15 Sketches illustrating symmetrical (a) and unsymmetrical (b) 
fillet welds 


tion, but increases its variability. Since the flat fillet is normal 
in welding, its effect must be carefully considered by designers, 
unless they wish to request the rather expensive step of contour- 
ing the weld by grinding. Steel castings, however, can be easily 
contoured and streamlined closely to any shape desired. 

A minor possibility in the variation of weldments and cast- 
ings could be the level of imperfections. The radiographic ex- 
amination (Tables 6 and 7) showed that 74 per cent of the 
castings were rated sound, but only 46 per cent of the weldments 
were of this rating. This fact may contribute very little, if any, 
to the stress concentration factor value, but the possibility 
should be taken into account when applying the results of stress 
analysis. 

Photoelastic patterns for the different L sections of the research 
program are shown in Figs. 16 through 20. The stress at any 
point is proportional to the number of lines or fringes which pass 
the point as the plastic replica is loaded. The photoelastic studies 
point out that values obtained can be directly applied if the design 
is to be a casting. If a weldment is specified, it is unrealistic to 
use the photoelastic study values unless the actual shape of the 
weld fillet is employed in the photoelastic test piece. Failure to 
make such changes from the idealized fillet generally results in 
too low an estimate of the actual stress concentration factor of 
weldments. 


Corner Junctions in Fatigue 


There is, naturally, considerable interest by material engineers 
and designers in fatigue tests, particularly tests on parts as dis- 
tinguished from pure laboratory fatigue tests, because fatigue 
accounts for more service failures than any other single type of 
failure. 

There was a time when the only fatigue test figure of interest 
was the endurance limit; that is, the highest alternating stress 
which could be applied and still not break the specimen. Re- 
cently, interest in limited fatigue life was increased. Since 
machines and equipment are not always designed to last in- 
definitely, basing design on a stress which permits infinite life 
may be unnecessarily restrictive. 

Many designers are more interested in the results of limited life 
fatigue tests, which are merely a thorough study of the sloping 
portion of the familiar S-N curve. These tests supply the answer 
to the question of what number of cycles of stress the part will 
stand under given stress conditions. Of course, the answer de- 
pends on what probability of fracture is accepted as realistic. 

These studies present data on the S-N curves for cast and 
welded box sections and on the percentage of failure of both cast 
and welded L and box sections tested under different loadings. 

All fatigue tests were run on a Sonntag Universal Fatigue 
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Fig. 16 Photoelastic stress pattern of the L corner design 1 ata load of Fig. 17 Photoelastic stress pattern of the L corner design 2 at a load 
6.3 Ib of 6.3 Ib 


Fig. 18 Photoelastic stress pattern of the L corner design 3 at a load of Fig. 19 Photoelastic stress pattern of the L corner design 4 at a Joad 
6.3 Ib : of 6.3 Ib 
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machine model SF-1-4 of 2000-lb capacity. This machine is 
shown in Fig. 21. The 5x beam type load amplifier shown was 
used on the box specimens, because the loads on these specimens 
were in excess of the machine’s capacity. Fig. 22 shows the load- 
ing fixture for the L specimens. 

Loads were applied at a rate of 1800 cycles per minute. Load 
cycles ran from zero to a given maximum and back to zero, so 
that the load cycled but never reversed. Loads for the limited life 
fatigue test were chosen after preliminary tests so that most 
specimens would fail under one million (10°) cycles. 

A static load was applied in order to run the cycle without ap- 
plying reversed load, and the cyclic load was plus and minus the 
static load. This gave an instantaneous maximum load of twice 
the static load and a minimum of zero. Table 11 shows the loads 
chosen for limited life tests. 

The static yield strength is exceeded locally in some specimens 
because of the combination of the application of the loads 
selected for the limited life fatigue tests and the stress concentra- 
tion factors. However, fatigue testing is 2 dynamic test so the 
phenomenon of delayed yield must be considered.* 


* A further discussion of Delayed Yield is given in Appendix IV. 
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Fig. 21 Model SF-1-U Sonntag Universal fatigue testing machine with 
5 load amplifier used in testing the box specimen 


Fig. 22 Model SF-1-U Sonntag 2000 Ib capacity machine with testing 
fixture used in testing the L specimen 


It is a well known fact that yielding is a time dependent prop- 
erty; the faster the loading, the higher the stress at which yielding 
occurs. In the present tests, the sample is subjected to loads in 
excess of the static yield strength for 0.0127 sec per cycle. In 
effect, this would raise the yield strength about 50 per cent of the 
static value. 

Yielding was highly localized if it did take place. After a few 
thousand cycles, the preload held steady. This means yielding 
occurred almost at once and did not continue through the test. 
Another possible reason for the early loss of preload may not 
have been yielding, but merely the working in of all the parts. 
In any event, yielding does not seem to be a serious factor despite 
the fact that the stresses sometimes exceeded the static yield 
strength. 

The preload on the L specimens was kept within plus or minus 2 
Ib of the designated load, whereas for the box specimens, the SR-4 
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Fig. 20 Photoelastic stress pattern of the L corner design 5 at a load of ee * 
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Table 11 Loads applied in limited life fatigue tests ae vo ‘ s 
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Fig. 23 Tracing facsimile of an L weldment 


strain gages, attached to the rear flexure plates of the load ampli- 
fier, were used to monitor the load. The preload locking nut was 
adjusted to drag on enough added load to maintain the desired 
level when necessary. 

The fillets were coated with a light oil. Discoloration or “‘boil- 
ing”’ of the oil film denoted the first appearance of a crack during 
testing, and the number of cycles was recorded. Also, the num- 
ber of cycles for complete failure wes recorded. 

An outline of the specimen was traced before testing, and the 
indications from a magnetic particle test and visual examination 
were noted. The position of the fatigue crack was also noted after 
the test. One such tracing is shown in Fig. 23. 

Although stresses were computed at the point of failure in each 
specimen, it was decided to report the findings in terms of load 
on the part. This is a simplification of the procedure, because 
failure in fatigue often occurs at some point other than that at 
which theoretical maximum stress occurs, and there is always 
argument about whether the maximum stress or stress at point 
of fracture should be used. 

There is ample justification for reporting results in terms of 
load and thus avoiding the confusion of stresses. When a part is 
designed, it must support or transmit certain loads. The question 
of stress arises when the design must be improved by eliminating 
stress raisers or in specifying a material and its processing. The 
purpose of the part is to carry load, and since this research was 
undertaken to compare parts made by two processes, load, not 
stress, is the natural unit for reporting. 


First Appearance of Fatigue Crack 


Specimens or parts, in general, will continue to function for 
some time after the appearance of a fatigue crack. The relation 
between the number of cycles to initiate fatigue failure and the 
number necessary for complete failure depends on a number of 
factors. There is no way to determine this relation satisfactorily 
even in a given part. Many designers use the number of cycles 
to complete failure as a criterion of the fatigue strength of a part, 
but others would rather consider the number of cycles to initiate 
failure. 

The number of cycles to initiate a fatigue crack in the cast and 
welded specimens is listed in Tables 12 and 13. A study of these 
tables will reveal that the number of cycles to initiate failure in 
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any specimen design and at any given load varies considerably. 
Furthermore, there is no clear distinction for a given design be- 
tween the cycles to initiate failure at one load and at another, nor 
is there a clear distinction between the cycles to initiate failure 
comparing one corner design with another. It can only be con- 
cluded that experimental conditions were such that distinctions 
of this sort cannot safely be made. 

A compariscn of the weldments and castings can be made of the 
comparable corner designs 1 and 2. The grouping in Table 14 
displays this relationship. 

Table 14 shows that the number of cycles required to initiate 
fatigue failure is higher in the case of castings than in the case of 
weldments. One million cycles was more than enough to initiate 
failure in 100 per cent of the weldments. 


Fatigue Limit 

A limited amount of fatigue tests were made to establish S-N 
curves for certain designs. The box sections were chosen for 
these studies. The data are hardly sufficient to determine fatigue 
limits, but the curves show interesting features. The casting de- 
signs studied were the 1 and 3 corners or the maximum and the 
minimum cross section of the section junction. The weldment 
design selected was corner 2, and a comparison was made be- 
tween machine and hand welding with all test specimens receiving 
a stress relieving heat tredtment of 1100 F. 

The cast design 1-BC, Fig. 24, had samples which ran out at 
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Fig. 24 S-N curves for the box casting, designs 1-BC and 3-BC 
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Fig. 25 S-N curves of the box weldment of design 2-BW comparing the 
hand weldments with machine weldments. All weldments were stress 
relieved at 1100 deg F. 
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Table 13 Initial fatigue crack formation—steel weldments 


Load 0-1300 Pounds Load 0-1170 Pounds 
Hand Machine Hand Machine 
Welded Welded Welded Welded 
Corner Stress Stress As Stress As Stress 
Design Relief Relief Welded Relief Welded Relief 
Load Load Load Load Cycles x106 Cycles x106 
0-1300 0-1170 0-1300 0-1170 nth 
lbs. lbs. lbs. lbs. 1-LW 0.027 ; 3 0.243 0.093 0.149 
Corner Cycles Cycles Corner Cycles Cycles 0.038 ’ 0.151 0.089 0.182 
Design x106 Design x106 0.038 0.123 0.074 0.143 
0.033 ; 0.094 0.072 0.132 
Mo. how 0.575 3-LC 0.053 1.000 0.021 0.116 0.067 0.143 
0.97] 0.251 0.135 0.174 0.045 ‘ E 0.081 0.094 0.171 
3.269 0.654 0.024 0.134 0.061 4 0.059 0.067 0.039 
0.239 0.537 10+ (lspec.) 1.578 0.049 0. 0.090 0.053 0.055 
1.290 10+ (4spec.) 0.064 0.216 0.066 0.105 0056 0.082 
13.721 1.597 10+ (S spec.) 0.088 0.056 0.136 
5.511 0.128 


10.034 - 0.077 ) 0.091 0.050 
8.662 


0.069 0.080 0.046 
0.050 6.649 4LC 0.183 0.102 0.074 ; 0.157 0.046 
0.156 0.170 0.132 0.068 f ; 0.101 0.063 
0.074 10+ (4spec.) 0.164 0.570 0.137 0.295 0.062 
0.377 0.071 0.305 0.180 0.128 0.047 
4.593 0.081 0.305 0.060 . ; 0.041 0.045 
0.117 0.065 0.035 0.071 0.059 0.029 
0.068 0.037 0.147 0.119 0.075 0.097 
0.022 0.016 0.013 0.072 0.088 0.116 
0.345 0.011 0.015 = 0.230 

0.168 0.016 0.011 


Table 12 Initial fatigue crack formation—steel castings 


Load 0-7000 Pounds Load 0-5000 Pounds 


0-7000 0-000 0-7000 0-500 (box) 0.014 0.038 

ihe. tie. Ibs. Ibs. 0.018 0.044 
Corner Cycles Cycles Corner Cycles Cycles 0.015 ; 0.033 
Design x106 Design x106 0.026 
1-BC  -2.936 3.846 3-BC 0.945 0.019 
(box) 3.721 8.259 (box) 0.043 0.013 

1.951 6.989 0.098 

0.295 3.723 0.586 

0.121 2.470 0.502 

0.181 1.814 0.102 

0.154 1.707 0.062 


0.724 5.478 0.046 Load 0-1300 Pounds 
1.716 2.905 


Hand Welded 
0.921 0.262 Corner As __ Stress Load 0-5000 Pounds 
0.053 0.308 Design Welded . Relief 
1.233 3.029 


0.106 8.109 2-BW 0043 0. 0.071 0.070 
0.439 1.315 (box) 0.084 | 0.035 0.100 
0.453 2561 0.022 0. 0.990 
0251 0.049 0. 0.085 
0.069 0. 0.117 
0.073 0. 0.110 
0.035 0. 0.138 
0.035 0. 0.221 
0.029 
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0.036 
0.052 
0.053 
0.044 
0.062 
0.057 
0.049 
0.063 
0.062 
0.056 
0.048 
0.048 
0.023 
0.095 
0.095 
0.131 
0.081 
0.076 
0.073 
0.088 
0.087 
0.097 
0.091 
0.055 0.049 — 0.081 
| 0.056 0.097 — ~ 
0.057 0073 — 
0.074 0.051 — 


Table 14 Comparison of weldments and castings for junction designs 1 
and 2 concerning initial fatigue crack formation 


L Sections Box Sections 
Cast- Weld- Cast- Weld- 
ing % ments % ing % ments % 


Cycles 1-LC 2-LC 1-LW 2-LW 1-BC3-BC 1-BW 2-BW 
Under 100,000 OF 85 100 88 
100,000 to 1 million 40 33 30 15 42 35 ~— 12 


26,200 psi and 30,800 psi. Type 3-BC showed no failure at a load 
of 24,300 psi with 10 million cycles. The calculated stress values 
in psi, rather than the maximum instantaneous loads, are plotted. 

The plotted data of Fig. 25, comparing hand and machine- 
welded type 2 corners, indicate that the procedure of welding is 
not one of too much importance. A comparison of Figs. 24 and 25 
indicates casting superiority. 


Limited Life Fatigue Tests—L Sections 


The limited life fatigue tests are more significant and of greater 
utility to the designer or engineer than the S-N curves. Two 
different loads were used in testing the L sections: 1170 and 1300 
Ib. Constant load fatigue testing will result in some specimens 
breaking sooner than others, and some may not break at all. If 
the number of cycles at failure are recorded for each sample, the 
figures will give rise to a normal statistical distribution. The 
designer decides that 1 per cent, 5 per cent, or 10 per cent of 


the parts can fail in service and then uses these distributions to 
determine the life of the part knowing the load which will be ap- 
plied. 

Table 15 gives a summary of the limited life fatigue tests on L 
sections. Under “cycles to failure,’’ there are three subheadings. 
“Low” cycles to failure show the life of the first sample of a set 
to break. Cycles to cause “50 per cent’’ of the samples to fail are 
shown in the next column, and the highest number of cycles at 
which failure occurred is shown in the column headed “High.” 
Naturally, where there were some specimens which did not break, 
there is no figure available for this column. In such cases, the 
maximum number of cycles which any specimen withstood with- 
out failure is shown in the last column of Table 15. 

Several things are apparent in Table 15. All the welded speci- 
mens broke before 10° cycles while many of the cast steel speci- 
mens sustained over 10 X 108 cycles without failure. Another 
fact is the generally longer life of castings under any given set 
of conditions. The superiority of steel castings over welded steel 
parts is very evident. This is particularly true for cast corner de- 
signs 1 and 2, which from the data compiled seem the best of the 
cast steel designs. However, it is true that at the low test load of 
1170 lb there is little, if any, advantage of corners 1 and 2 over 3. 
The 1300-lb load test series shows steel casting 1 and 2 corner de- 
signs are superior to design 3. 

Weldment design 5 (5-LW) gave very low fatigue life test 
results, with fatigue cycles of 5000 to 15,000 for a 1300-lb load. 
This design is similar to casting design 4 except that while the 
casting has a small !/,-in. radius fillet, the weldment is a sharp 
corner. It is very evident that welds at section junctions pro- 
duced from one side only, without a fillet, should not be used in 
parts for dynamic service. 


Table 15 Summary of limited life fatigue tests on L sections 


Heat Tr. Specimens Survived 
Casting or or Cycles to Failure (x10) Max. 

Corner Load Type of Stress Number of Cycles 
Design (Ibs) Welding Relief Low 50% High Specimens Number x106 


1170 Casting Norm* 0.97 5.9 -- 10 5 16.4 
1300 Casting Norm 0.5 5.0 _ 10 ] 
2-LC 1170 Casting Norm 8.0 — _ 10 8 
1300 Casting Norm 0.19 0.46 5.4 10 0 
3-LC 1170 Casting Norm 0.2 1.85 10 5 
1300 Casting Norm 0.02 04 _— 10 ] 
4-LC 1170 Casting Norm 0.078 0.27 1.25 10 0 
1300 Casting Norm 0.053 0.13 0.27 10 0 
1-LW 1170 Hand Weld None 0.220 0.265 0.340 9 0 
1300 Hand Weld None 0 
1-LW 1170 Hand Weld Yes** 0.115 0.180 0.370 10 0 
1300 Hand Weld . Yes 0.056 0.080 0.140 10 0 
1-LW 1170 Machine Weld None 0.105 0.135 0.225 9 0 
1300 Machine Weld None — — — 9 - 
1-LW 1170 Machine Weld Yes 0.086 0.225 0.300 10 0 
1300 Machine Weld Yes 0.064 0.080 0.140 10 0 
2-LW 1170 Hand Weld None 0070 0.125 0.148 9 0 
1300 Hand Weld None — _ _ 0 - 
2-LW 1170 Hand Weld Yes 0.112 0.150 0.400 11 0 
1300 Hand Weld Yes 0.112 0.135 0.230 10 0 
2-LW 1170 Machine Weld None 0.150 0.180 0.205 9 0 
1300 Machine Weld None 0 
2-LW 1170 Machine Weld Yes 0.115 0.140 0.205 10 0 
1300 Machine Weld Yes 0.066 0.110 0.148 10 0 
5-LW 1300 Hand Weld None 0.005 0.006 0.015 6 0 


* Norm: Normalize 
** Yes: Stress Relief 1100°F 
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Fig. 26 Per cent of failures in limited life tests at loads of 0-1170 and 
0-1300 Ib for L casting designs 1 and 2 (1-LC and 2-LC) 
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Fig. 28 Per cent of failures in limited life tests at loads of 0-1170 and 
0-1300 Ib for L weldment design 1-LW 


Any attempt to explain the difference in fatigue life by the 
difference in strength of the cast and rolled steel will meet with 
difficulty because, in the case of corner designs 1-LC and 2-LC, 
the fatigue life is several orders of magnitude greater than that of 
the welded parts; in fact, too great to be explained by the dif- 
ferences in tensile strength. In the case of design 4-LC, there is 
seemingly too little difference in fatigue life between the casting 
and the weided part to be explained by differences in tensile 
strength. 

All of the test data which were summarized in Table 15 are 
plotted in Figs. 26, 27, 28, and 29. These curves show the num- 
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Fig. 27. Per cent of failures in limited life tests at loads of 0-1170 and. 
O-1300 Ib for L casting designs 3 and 4 (3-LC, 4-LC) 
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that in limited life tests constant loads are applied which may 0~1300 Ib for L weldment design 2-LW 
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produce failure in one million cycles. Hv vever, in a number of 
cases, the castings did not fail even in 10 million cycles. The 
plotted data, therefore, illustrates the fatigue failures up to 10 
million cycles. 

The steel casting corners show the effect of the width of the 
junction of the L. The Type 1 design having the greatest width 
exhibits, in general, the greatest fatigue life. However, design 
Type 3 of a uniform section at the junction is a superior casting 
design and the curves obtained are somewhat similarly positioned 
to those of corner design Type 2 and not too inferior to those of 
corner design Type 1. Design Type 3 does exhibit a higher varia- 
bility in performance which seems to be related to the width at 
the knee of the specimen. It was observed that if the width was 
greater than °/, in., the specimen had a fatigue life more com- 
parable to corner designs 1 and 2. If the thickness was less than 
5/s, the fatigue life was less. Thus design 3 is more sensitive to 
manufacturing variations which affect the cross section at the 
maximum stress point. 

Casting design 4-LC has a width of 5/; in. and is similar to 3-LC 
but the sharper radius is reflected in a lower fatigue life. 

The welded corner designs 1 and 2 were very similar in charac- 
ter as may be observed by comparing Figs. 28 and 29. The varia- 
bles of hand welding versus machine welding and stress relief ver- 
sus as-welded specimens were insufficient to produce any large 
variations in the limited life fatigue tests. It would appear that 
the outside geometry of the weld surface, plus the unsymmetrical 
welded corner, would overshadow any effects which welding pro- 
cedure or heat treatment has on the fatigue life. In fact, a single 
band can represent the data for the weldments such as is done in 
Fig. 30. The casting designs are plotted on the same graph for 
comparison purposes. This graph shows conclusively that cast 
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Fig.30 Per cent of failures in limited life tests at loads of 0-1300 Ib com- 
paring L design castings and weldments 
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corner designs 1, 2, and 3 (particularly 1 and 2) are definitely 
superior to any welded corner design and that the casting design 
4 is more like the weldments in its fatigue life. 


Photoelastic Studies of Cast and Welded L Designs 


The corner designs for the cast and welded L specimens were 
produced in photoelastic material CR-39. All photoelastic tests 
were made at a maximum and constant load of 3.39 Ib. 

The photoelastic models were exact replicas of the steel casting 
and weldment designs; smooth inside fillets for the castings, and 
flat inside fillets for the weldments. 

The photoelastic patterns for the four casting L corner designs 
and for the 3 weldments are shown in Figs. 16 to 20, and in the 
numerous photographs of Part II of this report. The maximum 
fringe order on the inside fillet is given in Table 16. Casting de- 
signs 1 and 2 were similar. In both cases the maximum stresses 
are located on the inner fillet edge above and below the horizontal 
centerline. Casting design 2 is 100 per cent as strong as casting 
design 1 although the throat area is only 81 per cent, and the sec-_. 
tion modulus is only 66 per cent of those of the casting design 1 
corner. 

A load of 3.39 lb produces a point of maximum stress located on 
the horizontal centerline on the inside fillet of casting design 3. 
This design is about 80 per cent as strong as casting design 1-L al- 
though the throat section is 57 per cent and the section modulus 
is 50 per cent of the 1-L casting design. 

Casting design 4-L had a stress pattern similar to 3-L except 
it was more concentrated because of the smaller inside radius. 
The load of 3.39 lb induced a stress of 5 fringes. The section is 
approximately 61 per cent as strong as the casting design 1-L. 

Table 16 shows the number of fringes and the respective 
strength of the weldment L designs. Two of the weldments show 
values superior to the weaker casting designs 3-L and 4-L. How- 
ever, the limited fatigue life studies of the L design indicate a 
much greater superiority for the casting L designs over the weld- 
ments than do the photoelastic studies. Although the weldment 
models were patterned closely to the welded specimens, it was not 
possible to duplicate the surface condition of the weld nor the 
sharp corner or notch of the position of the junction of the flat 
fillet with the legs of the L. It was necessary in the photoelastic 
specimens to have slight fillets at these two positions. This 
fact reduced the number of fringes developed in the photoelastic 
models of the weldments, and hence, the weld designs approached 
the casting designs, 1-L and 2-L. The relative strengths of the 
casting and weldment L designs as determined by photoelastic 
studies are summarized in the bar graphs in Fig. 31. 


Limited Life Fatigue Tests—Box Sections 


The loads employed in testing the box section design were 5000 
and 7000 lb. Table 17 summarizes the fatigue test data. In 
these studies only 7 sections did not show signs of a fatigue failure 


Table 16 Photoelastic studies L corner designs loading 3.39 Ib 


Inside fillet Section 
Design Maximum Fringe Order Strength % 
Casting 1-LC 3 100 
Casting 2-LC 3 100 
Casting 3-LC 3-3/4 80 
Casting 4-LC 5 61 
Weldment 1-LW 3-1/2 87 
Weldment 2-LW 3-1/2 ‘87 
Weldment 5-LW 5-1/2 55 
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Table 17 Summary of limited life fatigue tests on box sections 


at 10 million cycles; all of these were steel castings. Again, the 
over-all superiority of the steel castings is indicated. 

Curves showing the individual data were plotted for the box 
sections as was done for the L section designs, namely, the num- 
ber cf cycles at a given load which would produce failure in a given 
per cent of the samples tested. The curves for the box section 
castings are shown in Fig. 32 and, for the weldment box sections, 
in Figs. 33 and 34. A comparison set of curves is illustrated in 
Fig. 35. Again, all of the weldment data are plotted in a band 
for a single load because there was no distinguishing significance 
to the various weldment procedures. 

Fig. 35 definitely shows that the steel casting box sections, like 
the casting L sections, have a fatigue life that is superior to the 
steel weldment box sections. The improvement is hard to ex- 
plain strictly on the basis of different tensile strengths. 


-Discontinuities and Fatigue Life Cycles 


Weldments. Three elements in the welded joint determine its 
load-carrying performance, namely, the weld metal, the heat- 
affected zone, and the quality of the bond between the weld and 
parent metals. The determination of the weakest joint element, 
as well as the over-all joint properties, are of prime interest to the 
design engineer in assaying the performance characteristics. 
Therefore, when fracture does oecur, the point at which separa- 
tion starts and the path the fatigue crack follows are of prime in- 
terest. Fatigue failure initiates at some discontinuity or contour 
point of high stress concentration at the surface of the part be- 
cause of inferior workmanship or poor design rather than at some 
internal discontinuity. 

The research of L. A. Harris, et al., at the University of Illinois 


Heat 


Cycles to Failure Specimens Survived 


Casting or Tr. or (x106) Number Max. 
Corner Load Type of Stress of Cycles 
Design (Ibs) Welding Relief Low 50% High Specimens Number (x106) 
1-BC 5000 Casting Normt 0.49 6.5 — 20 6 15.4 
‘ 7000 Casting Norm 0.14 1.3 4) 20 0 — 
3-BC 5000 Casting Norm 0.10 0.75 _— 20 1 16.8 
7000 Casting Norm 0.03 0.09 0.23 20 0 _ 


1-BW 5000 Hand Weld None —_ 
7000 Hand Weld None 0.030 
1-BW 5000 Hand Weld Yest 0.125 
7000 Hand Weld Yes —_— 
1-BW 5000 © Machine Weld None 0.080 
7000 Machine Weld None 0.023 
1-BW 5000 Machine Weld Yes 0.070 
7000 Machine Weld Yes 0.039 
2-BW 5000 Hand Weld None 0.120 
7000 Hand Weld None 0.051 
2-BW 5000 Hand Weld Yes 0.130 
7000 Hand Weld Yes 0.027 
2-BW 5000 Machine Weld None 0.135 
7000 Machine Weld None 0.033 
2-BW 5000 Machine Weld Yes 0.071 
7000 Machine Weld Yes 0.031 


0.050 0.083 69 0 
0.155 0.192 10 0 
0 ~ 
0.098 0.155 5 0 
0.042 0.052 13 0 
0.140 0.250 13 0 
0.042 0.063 9 0 
0.150 0.200 14 0 
0.080 0.115 10 0 
0.170 0.235 14 0 
0.032 0.042 10 0 
0.210 0.325 9 0 
0.040 0.049 12 0 
0.155 0.200 12 0 
0.035 0.046 9 0 


+ Norm: Normalize 
# Yes: stress relief 1100 dearees F 
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Fig. 32 Per cent of failures in limited life tests at loads of 0-5000 and 
©-7000 Ib for the box casting design 1-BC and 2-BC 
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Fig. 33. Per cent of failures in limited life tests at loads of 0-5000 and Fig. 35 Per cent of failures in limited life tests at loads of 0-5000 Ib 
0~7050 Ib for the box weldment design 2-BW 
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Fig. 34 Per cent of failures in limited life tests at loads of 0-5000 and 
0-7000 Ib for the box weldment design 1-BW 
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Fig. 36 Limited life tests at O0-1170 and 0-1300 Ib load compared with 
the radiographic severity rating for steel weldments of the L design. 
Solid bars are the number of cycles at the appearance of the fatigue crack. 


Total length of bar is the cycles-to-specimen failure. Specimens Nos. 1 


to 21 tested at a load of O-1170 Ib. Specimens Nos. 22 to 31 tested ata 
load of 0-1300 Ib. 


103 


in the paper on ‘Fatigue Strength of Butt Welds in Structural 
Steels,’ concluded that “with the exception of one E6010 weld, 
all of the specimens tested with the weld reinforcement on, started 
to fail at the surface of the weld. Although all of the E6010 welds 
with the reinforcement on contained defects (porosity or slag in- 
clusions) in the weld metal, only one fracture originated at a de- 
fect in the weld metal.” . . . ‘‘All of the failures of the E6010 welds 
tested with the weld reinforcement ground off seemed to be 
initiated at surface defects in the weld metal. Only one of the 
failures of #7016 welds tested with the reinforcement off, initiated 
from a defect near the surface in the weld metal, the remainder 
of the failures initiated from the surface of the weld.” 

The bar graphs prepared from data of this investigation shown 
in Fig. 36 also indicate that there was no relationship between the 
number of cycles to fatigue failure and the internal soundness, or 


(b) 
Fig. 37 
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quality, of the welds. This condition was particularly true in 
regard to the first appearance of the fatigue crack. The length of 
the shaded bars shows the number of cycles observed at the time 
of the first appearance of the fatigue crack. The total length of 
the bar shows the number of cycles to failure of the specimen. 
The letters at the end of each bar are the radiographic severity 
rating according to ASTM E99-55T (Tentative Reference Radio- 
graphs for Steel Welds). 

The rate of propagation of the fatigue crack through the section 
is increased when the internal discontinuity lies in the stress pro- 
jection and the fatigue crack passes through the discontinuity. 
For example, the fatigue crack passed through an internal dis- 
continuity in specimen No. 22 (Fig. 36) and the first fatigue crack 
appeared at 17,000 cycles and the cycles to failure were 65,000. 

All of the specimens, Nos. 16 through 21 (Fig. 36), had internal 
discontinuities of an “‘E”’ severity (E99-55T), yet from the stand- 
point of fatigue cycles, the results were superior to the results ob- 
tained in specimens Nos. 10 through 15, in which there were no 
internal discontinuities. Furthermore, it should be noted that in 
specimens Nos. 1 to 9 and 22 to 31, the radiographic severity 
ratings of the internal discontinuities vary from specimen to 
specimen, and in no instance did the specimens with no discon- 
tinuities exhibit the highest number of cycles to failure. Speci- 
mens, Nos. 16 to 21, gave the most consistent number of fatigue 
cycles, although from the standpoint of a radiographic inspection 
these weldments were by far the poorest. 

The location of the fatigue crack and the number of cycles to 
failure, while not related to internal discontinuities, are governed 
by the geometry of the surface stress concentration and by the 
fatigue strength in the region at the edge of the weld. Three 
photographs are shown in Fig. 37 of the weldment L design il- 
lustrating the location of the fatigue crack. It will be observed 
that the location of the fatigue crack is strongly governed by the 
geometry in the fillet-weld area.© The crack propagates, in each 
case, from the sharp weld metal-plate junctions. A magnetic 
particle indication was observed in Fig. 37(c) in the region of one 
of the weld fillets, yet the fatigue crack occurred in the opposite 
weld fillet. Note the sharper notch effect in the fillet when the 
fatigue crack occurred. 

Castings. Fig. 38 is a bar graph prepared to show the number 
of cycles to failure of individual specimens of the 1-L, 2-L, and 3-L 
designs and the radiographic severity rating of the castings in 
accordance with the reference radiographs of ASTM E71-52. 
It will be observed that there is no particular pattern of correla- 
tion between the number of cycles to failure and the extent of the 
discontinuities as determined by radiography. For example, 
specimens 1 to 10 had no internal discontinuities as determined 


Fatigue cracks in L design weldments for types 1-LW and 2-LW 
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: Table 19 Fatigue test data of welded and cast steel L specimens with 
DESIGN _ RA CASTINGS machined inside fillets 
Fatigue 
; Radio- Cra ck Maximum 
— Specimen graphic Fatigue Life Cycles Load in 
Design Rating Cycles x106 x106 Pounds 
is ict ; Welded Specimens 
2 Weldments 
1-LW-1 >5.178x None 979 
— ae 1-LW-2 2.534 1.915 97] 
10* 10 10° 10” 1-LW-3 1.342 1.100 928 
CYCLES 1-LW-4 D 1.160 1.034 1013 
Fig. 38 Limited life tests ct 0-1170 and 0-1309 Ib load compared with 1-LW-5 B > 4.810x None 982 
the radiographic severity rating for steel castings, L design. Solid bars . 
are the number of cycles at the appearance of the fatigue crack. Total Cast Steel Specimens 
length of bar is the cycles-to-specimen faiiure. Castings . 
1-LC-1 OF >5.428x None 1000 
1-LC-2 0 1.809 1.232 1032 
Table 18 lif les for 4-LC 
‘able Fatigue life cycles cast steel specimens 1-LC-3 o+ 2.222 1.147 1023 
Magnetic 1-LC-4 2 >5.112x None 967 
Particle Cycles to Fatigue 1-LC-5 0 >5.281x None 914 
Specimen Indications _Initial Fatigue Life 1-LC-6 0 > 10.218x None 1032 
No. at Fillet Crack Cycles Me 
4-LC-1 present 102,000 326,000 + Class according to ASTM E99-S5T 
4-LC-2 present 132,000 233,000 + Class according to ASTM E71-52T 
4-LC-3 none 570,000 645,000 x Test stopped, no failure 
4-LC-4 none 305,000 427,000 
4-LC-5 none 305,000 1,288,000 


by radiography and, although tested under the same load con- 
ditions, the variations in number of fatigue cycles were extensive; 
five did not even show a fatigue crack after testing to over 10 
million cycles, while three specimens (Nos. 2, 3, 5) had initial 
fatigue cracks at 174, .134, and 216 thousand cycles, and fa- 
tigue failure at 545, 213, and 483 thousand cycles. Also, in de- 
sign 1-L, specimens Nos. 11, 12, and 13 contained shrinkage cavi- 
ties while specimens 14 and 15 had had no internal discontinuities, 
yet only specimen No. 13 did not approach 10 million cycles. 
The same is true for design 2-L. Specimens Nos. 16, 19, and 
20 contained no shrinkage cavities while specimens Nos. 17 and 18 
contained shrinkage cavities. Ar examination of the fatigue life 
shows that the highest number of cycles was for specimen No. 17 
which had shrinkage and then there was no significant difference 
in the fatigue life cycles of any of the specimens. It is evident 
that fatigue life or fatigue strength is not definitely related to in- 
ternal discontinuities. 

Surface discontinuities, as determined by magnetic particle 
inspection in the fillet junction area, often had a profound in- 
fluence on the fatigue life. For example, one steel casting, 3-L de- 
sign specimen, with magnetic particle indication in the fillet, 
broke at 19,000 cycles whereas, under similar conditions of load- 
ing, four other 3-L specimens free from magnetic particle indica- 
tions failed at 126,000 to 216,000 cycles. 

Another example is presented in Table 18. The casting design 
in this case was the 4-L corner. Specimens 1 and 2 showed mag- 
netic particle indications in the fillet whereas specimens 3, 4, and 5 
were free from surface indications. 

Surface discontinuities, as disclosed by magnetic particle indi- 
cations, have a severe effect on the fatigue life of cast as well as 
wrought steel specimens if the discontinuities are in the 
area of high stress. Surface discontinuities away from the posi- 
tions of concentration of stress have little effect in reducing the 
fatigue life of the part. 
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Limited Fatigue Life Tests for Machined L Specimens 


Five casting and five weldment specimens of the 1-L design 
were machined by milling so as to clean up the fillets to produce 
smooth, even blending quadrants of a circle. It was necessary 
to remove different amounts of stock from each specimen to 
produce a smooth fillet. Therefore, it was necessary to compute 
a load for each specimen so that the maximum nominal stress in 
the fillet was 49,000 psi. 

Table 19 is a consolidation of the fatigue data on the machined 
inside fillet, 1-L design specimens. The casting specimens 
averaged about 1 million cycles more than the weldments but this 
is in line with the higher strengths of the steel castings and, there- 
fore, there is not a too significant difference in fatigue life be- 
tween the two groups of specimens. This condition is quite dif- 
ferent from that obtained when the specimens were tested as 
castings and weldments without additional machining to remove 
surface irregularities which permit stress concentration to exist. 

The test data bring out forcefully that, when the designs are 
identical, with ample, smooth fillets, the life cycles will depend 
pretty much on the strength of the material; and it matters not 
whether the steel is cast, wrought, or fabricated by welding. 

These data also substantiate a previously made observation 
that the great advantage in the fatigue life of the steel castings 
over the fatigue life of the weldments is not so much the result of 
the slightly higher tensile strengths of the steel castings, but rather 
to the higher stress concentration factors of the unmachined 
weldments because of manufacturing methods of fabrication. 


Discussion of Results 


It was the purpose of these studies to compare corner designs: 
employed in steel castings with those produced in welded struc- 
tures. One of the weldment corner designs, namely type 5, was 
found to be distinctly inferior in fatigue properties so only a few 
test studies were made with weldments of type 5. Weldment de- 
signs 1 and 2 were, in general, of the same design as casting 
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designs 1 and 2. Casting designs 3 and 4 could not be easily 
produced commercially as weldments. 

The steel castings were always equivalent to the weldments 
and generally showed marked superiority when judged by static 
load test at yielding or by fatigue life at a given load. 

The strength of the cast steel is higher than that of the wrought 
steel; however, this is the normal condition of commercial steel 
castings and weldments. Steel for castings normally has carbon, 
manganese, and silicon contents higher than found in commercial 
weldments and, therefore, the strength of the cast steel is higher. 
However, it has been shown by these studies that the difference 
in yield strengths of the steels explained the differences in load at 
the yield strength in the static test. The differences in fatigue 
results, however, were too great to be explained on the basis of 
differences in the mechanical properties of the steels. 

Attempts were then made to explain the fatigue results by 
differences in specimen dimensions, particularly the width of the 
joint. Although rather serious deviations from the planned de- 
signs were found, no good correlation with the fatigue results was 
observed, so it is concluded that any effects resulting from varia~ 
tions of dimensions are covered up by the effects of other factors. 
The only exception to this seemed to be that, if the joint in the steel 
castings with type 3 corner was less than 5/; in., the fatigue life 
dropped off from that when the dimension was °/s in. or greater. 

The main reasons for the superiority of the steel castings in 
fatigue service were the superior surfaces of the castings and the 
much lower stress concentration because of the well radiused 
fillets and smooth blending at the point where the fillet joins the 
junctioning member. 

It was observed that casting corner designs, types 3 and 4, were 
preferred to designs 1 and 2 because they were better casting 
designs from the standpoint of a lower percentage of discontinui- 
ties. Radiographic testing showed that type 4 corner was 93 
per cent free of discontinuities while only 82 per cent of type 1 
corners were free of discontinuities. Types 2 and 3 showed sound- 
ness in 67 per cent and 71 per cent, respectively. Despite these 
facts, type 4 corner designs tested in fatigue had the lowest 
fatigue life and types 1 and 2 produced the best results. 

The poor fatigue life values for the weldments were the result 
of the formation of flat fillets during welding which permits stress 
concentration points. If all of the fillets can be machined and 
true radiused fillets produced, then excellent results with welded 
joints could be obtained. This would not be economically 
feasible if weldments were to compete, pricewise, with castings. 

It must be remembered in analyzing these results that for the 
limited life desired in the tests, the maximum stress levels were 
high in all designs, probably sufficiently high to cause yielding at 
the stress concentration points. This would tend to limit the 
maximum stress imposed on these tests to the yield point. 


Conclusions 


Joining sections in the form of L sections and box section de- 
signs were produced by commercial practices as steel castings and 
as weldments by welding rolled steel pieces. The conclusions are: 

1 Normal structural parts, as produced in steel castings, are 
stronger under static loading than commercial weldments for a 
given design because of the higher carbon, manganese, and silicon 
contents in steel castings and, therefore, the generally higher ten- 
sile strength steel employed for castings. The steel for weld- 
ments is selected on the basis of its weldability, primarily, so that 
no stress relief or preheating need be done and the steel properties 
and carbon, manganese, and silicon contents are on the low side 
as compared to cast steel. 

2 Steel castings generally have better fatigue properties than 
weldments for the corner designs studied. 

3 The steel casting corner designs had fewer discontinuities 
than the weld fabricated corners. 
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4 The corner designs produced as steel castings resulted in 
lower stress concentration than existed in comparable designs as 
produced by fabrication welding. 

5 Stress concentration factors for welded corners are de- 
pendent upon the particular shape attained by the weld fillet. 
Actual values are higher than those found by photoelastic ex- 
amination of idealized shapes. 

6 The corner designs listed in order of increasing stress con- 
centration factors are: Types 1, 2, 3, 4, and 5. Some casting 
corners of type 3 design perform as well as designs 1 and 2 under 
fatigue loading, but the greater variability shown in design 3 is a 
disadvantage. The weldments show no clear evidence of superi- 
ority between types 1 and 2. 

7 Corner designs, types 1 and 2, gave the greatest fatigue life. 
The welded specimens, although they failed earlier, were more 
consistent than the cast specimens. 

8 Cast corner designs 3 and 4 are recommended from the 
standpoint of castability; casting designs, types 1 and 2, are rec- 
ommended from the standpoint of castings used in fatigue service. 

9 There appears to be no consistent difference between hand 
and machine welded corner design specimens or between as- 
welded and stress-relieved corner design specimens when these 
specimens are compared under comparable limited life tests. 

10 Internal discontinuities did not reduce the fatigue life of 
the casting or weldment corner design specimens. 

11 Surface discontinuities in the region of the fillet area did 
reduce the fatigue life of both weldments and castings. In many 
cases the results were seriously affected. 

12 The fatigue life and endurance limits of casting and weld- 
ment corner designs were of a similar order of values if the inside 
fillets of the structures were machined to the same inside radius. 
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DISCUSSION 
J. F. Wallace® 


The authors are to be congratulated for conducting such a de- 
tailed study of this important and rather difficult subject. The 
portion of the paper that discusses the influence of discontinuities 
on the fatigue life of the welded and cast specimens appears to be 
very significant. The results of the tests conducted at these high 
stress levels clearly show the marked influence of any surface dis- 
continuity within the highly stressed areas on the fatigue life. 
The number of cycles to the first appearance of a fatigue crack 
and the cycles to failure are both considerably reduced by the 
presence of such discontinuities as sharp weld metal-plate junc- 
tions in weldments and surface cracks near the fillet in castings 
and weldments. Internal defects shown by radiography such as 
slag holes in weldments or shrinkage cavities in castings exerted 
little influence on fatigue behavior. While the role of magnetic 
particle indications (surface) compared to radiographic (internal) 
discontinuities in predicting the performance of sections stressed 
in this manner has been suspected for some time, it takes work 
such as this to provide the needed proof of the greater importance 
of the former. This information can be of considerable assistance 
in specifying and inspecting similar structures. 


® Case Institute of Technology, Cleveland, Ohio. 
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Design of Flapper Valves 


The principle of minimum potential energy is used to derive the elastic characteristics 
for a particular type flapper valve (Fig. 1a). The results show that to obtain adequate 
predictions of the deflections and stresses of the valve for all but the first increment of 
loading the nonlinear aspects, caused by change in configuration, must be considered. 


valves. 


ay BEHAVIOR of flapper valves is of interest be- 
cause the stresses occurring in service are often quite high and 
the characteristics of these valves (e.g., deflection per unit load- 
ing) are nonlinear and this effect must be taken into account in 
flow calculations. 

This paper gives a derivation of a solution, based on an energy 
method, for determining the static deflection of a particular de- 
sign of flapper valve that is a thin flat circular disk with radially 
cantilevered “fingers.” The valve is supported at the ends of the 
fingers and the disk is loaded with a uniform pressure [see 
Fig. 1(a)]. 

This analysis should be satisfactory for design as long as the 
geometric restrictions given in the analysis are not violated and 
the frequency of the pressure fluctuations is below the lowest 
natural frequency of the valve on its supports. 


Analysis. 

Fig. 1(a) is a sketch of the valve showing pertinent geometry, 
loading, and co-ordinates. Fig. 1(b) shows the displacement of an 
arbitrary point. Fig. 1(c) shows a section through ¢ = 0. 

The principle of minimum potential energy is used to determine 
the solution. The use of this method requires 


(a) the displacements of the valve be assumed (the assumed 
displacements should have a few arbitrary constants), 

(b) the change of the potential energy of the system due to 
these displacements be determined, and 


ou 
= 


1 dug 


r op 


ew = + 


+ + un sint 6) ysin (6 + 6 sint (2 6)) 2 [1 (44 + & sint (2 | 


This analysis includes the nonlinear effects in the range of interest for many flapper 


(c) the potential energy be minimized by proper selection of © 
the arbitrary constants as functions of the loading. 


The displacements assumed for this analysis neglect the change 
of shape of a radial section of the disk and, as shown in Fig. 1(c), 
allow radial sections of the disk to move in the rz-plane only (i.e., 
no displacement in the @ direction). The displacement of the 
fingers are determined using beam theory. 

a. Strain Energy of the Disk. For the disk then 


uy = + wasnt 4) + y]1 cos (4 


ug = 0 


= + sint (2 6) 


ysin (0, + sine 6)) 


where U0, Un, Oo, and are physical constants to be de- 
termined as a function of the pressure loading, p [see Fig. 1(c)]. 
The corresponding strains, in cylindrical co-ordinates, are 


\ 


(+ sit (3 (4 + sine (2 


1 Currently at Rice Institute, Houston, Texas. 

Contributed by the Machine Design Division and presented at 
the Summer Annual Meeting, Dallas, Texas, June 5-9, 1960, of 
Tae American Society or MECHANICAL ENGINEERS. 
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Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, February 
16, 1959. Paper No. 60—SA-3, 
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Fig. 1 Geometry of flapper valve—(a) valve showing loading and sup- 
en details of finger; (c) radial section through valve at ¢ = O and 


Now say that 6; is restricted to values small enough compared to 
unity so that 


sin 0, 0, 


cos 1 


while 6) is restricted to values small enough compared to one so 
‘that 
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and as a consequence 


sin (6 0 sin? (: 6)) = + 4, sin? (: 6) 
cos (0 + sin? 6)) 1/40? sin? (3 6) 


Further restrictions which are imposed are 
>1 and <1 
h R 


so that 


+ 200s sint (3 6)) 
— ysin (6. 


These restrictions make possible the following simplification of the 
expressions for the strains 


+ (tn — — sin? 6) 


= 90 
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For this case, the strain energy per unit volume Vp is given by 
the following: 


Yre = 
Yn = 0 


= + — 
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du, du, 
Ves + = + a 0 
dug 1 du, 
) 
e b ON DISK 
P é n FINGERS 
w =F 
ue 
: Ur 
Us 
(bd) 
— | 
Vo 
(4) 


| 


The strain energy of the disk, Vaisx, is determined as follows: 


=+1/2 v= +h 
VAR + 2)dz dy de 
z=-—1/2 


Vai = 


which yields, 


Vai = + 


l%h 1 3 
+ rT} + 036; + 4 + 2 (00? + 0001) + 
hil 
| + Un + (4 + 


b. Strain Energy of the Fingers. For the fingers the elastic dis- 
placement 6 normal to the plane of the finger is 


- (5+ 
up a} sin % 


and the corresponding change of strain energy, Vtingers, of the n 


fingers is 
[+ Un 


l 2 
€ «) sin (7) 


or to the degree of approximation included in this analysis 


l 2 
+ € + «) | (8) 


c. Potential Energy of Pressure Loading. The change of potential 
energy, V pressure, a880ciated with the pressure load on the disk is 


z= +; 
f p| + Ua sin? (: 6) 
— zsin + 6; sin? (: 6)) + 


and with the previous assumptions incorporated the expression 


for V pressure becomes 
n 
pr | wa + ux sin? (: 6) 


$ = (6) 


3 EI 


3nEI 1 
2a? cos? 


Vtingers = 


(9) 


pressure 


- 
(6. + 6, sin? (: 6)) + i) drdb (10) 


94 / FEBRUARY 1961 


n n 
> (: =) sin? (5 6) cos? 6)| — Qyunh — 


(4) 
(cont.) 


3 3 


+5 “)] 


=) (1 + + 0.0, + 


(5) 


= [+ 24a + Ua — AG +- | 


d. Application of the Principle of Minimum Potential Energy. ‘The 
principle of minimum potential energy,? applied to this problem, 
states that 


V aisk + V V pressure 


is a minimum compared to neighboring states of deformation. 
Consequently, the parameters u., U,1, Ur, 9, and 6; are deter- 
mined by the following requirements, 


oq, 


= 0, 
q; = Up, Un, Up, Un, Oo, and 


These requirements, after some algebraic manipulation, lead to 
the following equations which are the results to be determined 


= 
12 
Un 
_ _ 
[2 hil lh l 
A + BO? 


? For example: See Sokolnikoff, ‘Mathematical Theory of Elas- 


ticity,’’ McGraw-Hill Book Company, Inc., New York, N. Y., 1946, 
p. 278. 
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(A 


lbh (3 12 hl hl 12,2 
[> 2 + = [ + it) — || + 3 + 2 | 


hi Ith 


A + BO? 12 
F where and p. This appears to be the simplest procedure for solving the 
mG (1 — p) equations since nonlinear terms in 4) appear. 
Ai = R (1 — 2p) The stresses corresponding to the displacements are given below 


for points A and B shown in Fig. 1 as follows: 


For point A 


12mpRla 
Lh Ih bh h’l For point B > (13) 
nbh? 

It is app»rent that by assigning a value to % the last of the set of 
equations (11) determines p, the second to the last determines 6,, ae E (; hOo + L a) 
and the remaining unknowns are expressed as functions of 40, 6,, RNG 4 i 
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Fig. 4 The tangential stress c¢ and radial stress c, at point A as a func- 
tion of the pressure differential p across the valve 


Illustrative Problem 


The results of this analysis for the following particular case 
are included to illustrate the predictions of the equations given: 


= 1.11 in. 0.19 in. 
0.145 in. b 0.15 in. 
= 0.012 in. n 8 
= 30 X 10° psi, G = 11.54 X 10° psi, uw = 0.3 
p varies from 0 to 15 psi 


The calculated results from Equations (11) are shown in Figs. 
2and3. The results showed that 


“ < 10-4 
Un 
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Fig. 5 The tangential stress a9 and radial stress o, at point B as a func- 
tion of the pressure differential p across the valve 


and 


< 9-2 


for values of the pressure p considered so that ua and 4, were not 
plotted. The stresses at A and B (Fig. 1) from Equations (13) 
are shown in Figs. 4 and 5 plotted as a function of the pressure p. 
These curves show that for proper design in this case the non- 
linearities of the system cannot be ignored. 
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The Free Expansion of Dry and Moist Air 


If a gas is permiited to expand freely from a vessel of constant volume, the gas remain- 
ing in the vessel is generally considered to undergo reversible adiabatic expansion. For 
such a case, the theoretical backgrounds are developed from the points of view of thermo- 
dynamics and gas dynamics. 

Experiments are reported in which it is shown that, for expansions occurring over 


short time intervals, the temperature changes are essentially those predicted for reversible 
adiabatics. Some speculations are offered as to the mechanisms obtaining in the slower 


expansions. 


Wies gas is permitted to expand freely from a vessel, 
the gas that remains in the vessel is considered to undergo reversi- 
ble adiabatic expansion. This assumption has been used in many 
calculations involving real equipment under operating condi- 
tions, as well as in the case of those systems susceptible to the 
limitations of gas dynamics. 

Recent experiments [1]! on small spherical vessels from which 
gas was released in free expansion, indicated that the gas left in 
the spheres approximated reversible adiabatic performance in the 
observed temperature drops. These experiments, in which very 
small thermocouples were used, were run on dry gases. In Fig. 1 
the results for nitrogen are shown. The ordinate represents the 
ratio of the measured temperature drop in the gas to that which 
would be realized by reversible adiabatic expansion 


T/T, (P/Po)@-)* (1) 


AT, = Ty — To P/Po)*-* 


t¢c.- mm. 
Vetc-o8 m. 


an. 


2 3 4 


ABSOLUTE PRESSURE RATIO, 


Fig. 1 Temperature ratios for expansions of dry nitrogen in small spheri- 
cal vessels 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Process Industries Division and presented at 
the Summer Annual Meeting, Dallas, Texas, June 5-9, 1960, of Tux 
AMERICAN Society OF MeEcHANICAL ENGINEERS. Manuscript re- 
ceived at ASME Headquarters, March 1, 1960. Paper No. 60—- 
SA-23, 
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( = ) = temperature drop ratio 


It is appropriate to question the extent to which Eq. (1) may be 
used for real gases in view of the fact that irreversible processes 
such as fluid friction and heat transfer are involved even in the 
earliest phases of an expansion or compression. 

Pressure-time measurements on a gas expanding to atmosphere 
have been reported by Bannister and Mucklow [2], Moszynski 
(3], and others. In these experiments, primary attention was 
given to very rapid changes. 

In Fig. 2 the position diagram is shown for the rarefaction waves 
propagated in a cylindrical vessel from which gas is permitted to 
escape, for one-dimensional conditions. At any given location 
along the axis of the cylinder, at any specified time, there will be a 
combination of wave fronts which will fix the state of the gas. 
During a short time interval these state changes in the gas will af- 
fect the rate of discharge of the vessel. This is indicated diagram- 


OISTANCE 


Fig. 2 Position diagram for air expanding from a cylindrical vessel 
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Fig. 3 Rate of discharge versus time in the gas dynamic region 


matically in Fig. 3, where the dotted curve represents the smooth 
variation of the rate of discharge with time that would be the case 
if the expanding fluid followed quasi-steady flow. The stepwise 
pattern indicates the probable effect of the wave interactions. 

The general assumptions of gas dynamics have been that: (a) 
The fluid was a “perfect” gas, (b) rarefactions were reversible and 
adiabatic, and (c) pressure-time relationships were adequate to de- 
scribe the phenomena to be measured. It would appear that tem- 
perature-time measurements would be more revealing, as these 
would afford a means for gaging the irreversibilities due to heat 
transfer and fluid friction. To effect such measurements would 
require very small thermocouples and recording instruments capa- 
ble of following the transient conditions. The question also 
arises how may the gas remaining in the vessel be considered in 
terms of restraints? 

A gas expanding in an adiabatic cylinder, restrained by a 
suitably loaded, slowly moving piston, certainly follows Eq. (1). 
When the piston has a finite velocity, however, the gas must 
develop a velocity in order to follow the piston. This results in a 
drop in the static pressure in the gas, and the introduction of 
irreversibilities. 

Early attempts to analyse these effects by the kinetic theory of 
gases were made by, Meisner [5], Paul [6], and others. Broer [7] 
states that the partition functions used would not allow the gas to 
follow the piston. Using the wave theory of gas dynamics, which 
assumes that the gas expansion is reversible, he shows that the 
piston deceleration which propagates compression waves into the 
gas contributes an entropy change equal to that caused by the 
work decrease due to the piston velocity. His analysis was based 
on a semi-infinite cylinder. 

It is not easy to extend the piston analogy to the gas remaining 
during a free expansion. It is difficult to imagine that the gas 
leaving the port exercises a restraint on the remaining gas that is 
equivalent to that exerted by a “suitably loaded piston.”’ Fur- 
thermore, would such restraint result in measurable effects on the 
gas temperature? 


RECORDER 
GAS SUPPLY 


SEPARATOR 
| AMPLIFIER 


1CE JUNCTION 


TEST VESSEL 
Fig. 4 Test arrangement 
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The problem has many practical applications, among them the 
shock tube and the release phase of the internal combustion- 
engine cycle. A number of investigators, including Moszynski 
[3], Kestin and Glass [8], and Giffen [9], have studied the phe- 
nomena associated with rapid discharge of gases. 


Method of Test 


The experimental work was planned so as to measure the 
transient temperatures along the axis of a cylindrical vessel, 
during free expansion from the vessel. The arrangement of the 
equipment is shown in Fig. 4. 

The main test vessel consisted of a closed pipe 48 in. long, 
having an ID of 9.75 in. Immediately inside the cylindrical 
portion there was a layer of corrugated cardboard. This was 
faced with a layer of domestic aluminum foil 1 mil thick to provide 
a radiation shield. The thermocouples were made from 40-gage 
copper-constantan wires to which had been welded short lengths 
of 1-mil copper-constantan wires. The hot junction was at the 
end of the 1-mil wires. Four thermocouples were located along 
the axis of the cylinder, and two were placed near the aluminum 
foil at the walls. Calculations showed that the ratio of the heat 
capacity of the air to that of the aluminum foil at the wall was 
1.31 at 1 atm and 5.20 at 4 atm. In other words, the heat 
capacity of the walls was less than that of the gas, especially at 
the higher initial pressure. One end of the cylinder was equipped 
with a 2-in. quick-opening valve, beyond which there was a plate 
on which variable orifices could be mounted. The sizes and area 
ratios of the cylinder to the orifices are cited in Table 1. 


Table 1 
Orifice Diameter, Area 
no. in. ratio 
1 0.747 170 
2 0.500 381 
3 0.320 925 
4 0.162 3620 
5 0.062 24700 


Each of the thermocouples was led to an ice junction. From 
there, the emf was applied to a Brush BL 550 amplifier, and 
eventually to a multichannel recorder. 

For the “dry-air” runs, a separator and a dry-ice trap were 
used in series to eliminate oil and moisture. The ‘‘moist-air”’ 
tests were made with only the separator in active use. In a few 
of the runs the air leaving the dry-ice trap was heated by passage 
through a copper coil immersed in hot water, although this 
step has not been shown in Fig. 4. 

Operating procedure involved evacuating the vessel with the 
valve closed, followed by several fillings and purgings. The air 
was then retained in the cylinder until the thermocouples showed 
the same temperature as the ambient. The quick-opening valve 
was then used to release the air, and the pressures and tempera- 
tures were recorded as the pressure dropped to atmospheric. 


The use of the several sizes of orifices made it possible to vary 
the time of efflux over a wide range. It was found that there 
were no substantial temperature differences among the thermo- 
couples located along the axis of the vessel, and average values 
were used in the plotting. However, while the pressure continued 
to fall, the temperature reached a minimum, then rose again. 
In order to compare this effect over three time intervals, the data 
were reduced to a per-cent-time scale, as shown in Figs. 5(a, b, 
and c). The actual time to reach l-atm pressure and the per- 
centage of this time to reach the minimum temperature are given 
in Table 2. 
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Fig. 5(a) Expansion curves in moist air over 


16.2 sec 55.0 sec 


Table 2 
Total time, Per cent to 
Fig. sec minimum 
5(a) 16.2 70 
b) 55.0 60 
5(c) 212.0 30 


All of these tests were run on moist air having a relative humidity 
ranging between 78 and 82 per cent. 

The time span encompassed by these runs was far greater than 
those in which the gas-dynamic treatment could reasonably be 
applied. The next consideration was then to evaluate the heat- 
transfer processes at work. 

In Fig. 6 the temperature and pressure histories are shown for a 
sample of moist air. For purposes of comparison the reversible 
adiabatic path is shown dotted. Below this the test data, 
corrected for radiation, are replotted, assuming that the alumi- 
num foil remained at 80 F and that the thermocouple emissivity 
was 0.78. In Fig. 7 the radiation calculation has been reduced to 
graphical form, in which the ordinate is the time in seconds 
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Fig. 6 Measured and corrected expansion curves for moist air 


PERCENT, TIME 
Fig. 5(b) Expansion curves in moist air over 
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Fig. 5(c) Expansion curves in moist air 
over 212.0 sec 


required for a 10-F rise in the thermocouple indication. In the 
absence of values for the emissivity of copper-constantan 
thermocouples, copper emissivities were used. The 10:1 ratio 
between the emissivity of scraped and oxidized copper is an 
indication that radiation alone might account for the departure of 
the test temperature curve from that of the reversible adiabatic. 
However, in time intervals above 10 sec, convection can become & 
significant heat-transfer mechanism. 

A comparison of the temperature-drop ratios for dry and 
moist air is given in Fig. 8. In all cases the dry air more nearly 


approximated reversible adiabatic expansion. This was to be 
2 
100 f 
40 
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Fig.7 Time for a 10-F temperature rise in the thermocouple due to 
radiation 
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Fig. 8 Temperature ratio values for dry and moist air 
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expected, as the presence of the water droplets would influence the 


_ mixture toward an isothermal expansion. 


The data also suggest that a change in heat-transfer mechanism 
of significant proportions takes place in an expansion lasting 
10 sec or more. While very few data are available for purposes of 
comparison, one interesting calculation, based upon 0.030-sec air 
expansion reported by Maushart and Pollermann [11], showed a 
temperature-drop ratio of 0.994 for dry air and 0.867 for moist air. 
These points would plot reasonably on an extrapolation of the 
curves shown in Fig. 8. 


Conclusions 


From the information developed in this investigation the fol- 
lowing conclusions may be drawn: 


1 Reversible adiabatic conditions are approximated in 
expansions lasting beyond the immediate time range normally 
considered in gas-dynamic analyses. 

2 Temperatures close to those expected in reversible adiabatic 
conditions were found in the expansions of both dry and moist 
air. 

3 For expansions lasting 10 sec or more it is probable that 
heat transfer by convection is significant. 


Further work in this area should be directed toward the control 
of the following variables: 


1 Accurate determinations of the emissivities of thermo- 
couple junctions, including surface conditions and materials; 

2 Simultaneous measurements of. the thermocouple and wall 
temperatures during expansions. 


From these data the heat-transfer information could be de- 
veloped which would facilitate design application. 
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Elmer L. Knoedler? 


The authors are to be congratulated on undertaking so funda- 
mental a study. It seems the textbooks have indicated for many 
years that the gas remaining in a vessel, from which free expan- 
sion is taking place, undergoes reversible adiabatic expansion. 
It remained for these investigators to explore the time-dependent 
aspects of the problem in the light of the heat-transfer mechanisms 
believed to be active. 

In Fig. 6 it is interesting to note that the gas temperature in 
the vessel, when corrected for radiation, follows a nearly adiabatic 
path. However, it is apparent that such a wide range of emis- 
sivity values may be used that the correction could amount to ten 
times as much as shown. This points up the need for better 
knowledge of thermocouple emissivities, a need which is shared 
with the entire heat-power profession. Possibly differential tem- 
perature measurements would be more sensitive and meaure- 
ments of the temperature of the aluminum foil should be checked. 

The curves in Fig. 8, showing the temperature drop ratio as 
a function of time, are most interesting. They are reminiscent of 
Reynolds number curves, and I should like to suggest that the 
authors investigate some of the other dimensionless numbers as 
possible parameters for correlating these data. This would be 
especially interesting in the vicinity of the apparent slope change 
in the neighborhood of ten seconds. It occurs to us to ask if 
using hydrogen, which has different friction factors, would demon- 
strate any differences from the nitrogen data. 

More work, obviously, needs to be carried out in this funda- 
mental problem. As a first attempt, the present paper represents 
an interesting contribution. The test work should be extended 
with refined instrumentation in order to find more quantita- 
tively accurate answers to the conduction and convection heat 
losses. It is to be hoped that means will be found to accomplish 
this. 

?Partner, Sheppard T. Powell and Associates, Baltimore, Md. 
Mem. ASME, 
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building approaches of the large industrial companies 
to your own operations. 


FIFTY YEARS’ PROGRESS IN 
MANAGEMENT 1910-1960 


Places at your finger tips an up-toithe-iinite chronicle of 
significant progress in management from Frederick W. Taylor 
to the present and points to what’s ahead in the 60’s. 


Since 1912 five ‘‘Ten Years’ Progress in Management” re- 
ports, have been sponsored by the ASME Management 
Division. Now for the first time, they have been consoli- 
dated into Fifty Years’ Progress in Management. 


The 1950-1960 report, which has been prepared by 22 eminent 
authors, is both a record of progress in the decade and a portent of 
things tocome. The management activities reported on include: 


progress toward formulating a testable philosophy of manage- 
ment; 

growing recognition of management as a profession; 

major changes in the character of approach to organization; 

technological improvements in financial practices of general 
management; 

innovations in the fields of measurements and control; 

development of management techniques for industrial research; 

advances in research and engineering management, in manu- 
facturing, in personnel management, and in marketing man- 
agement; 

practices in the federal and local government, and nonprofit 
organizations in operation management; 

scope and variety of problems in management science; 

college programs for the development of management leader- 
ship; 


management education, programs of the professional socie- 
ties and industry, progress made internationally; 


new tasks confronting the next decade. 


The study of progress in management from 1942 to 1952 covers 
statistical quality control, production planning and control, work 
simplification, wage incentives, industrial plant operation, pur- 
chasing, marketing and distribution, cost accounting, public and 
labor relations. 


The aspects of management progress reviewed in the 1932- 
1942 Report include administrative organization, defunctional- 
ization of industry, gaging and inspection of interchangeable 
manufacture, job standardization, budgetary control, industrial 
marketing, job evaluation, and wage plans. 


The reports for the period 1920 to 1932 reflect the wider accept- 
ance of the principles of management, the appreciation of the 
advantages of standardization and simplification, and the aware- 
ness of the human factor in industry. They also assess the efforts 
made to develop profit sharing plans, methods and laws to reduce 
the hazards in industry and mitigate the effect of occupational 
diseases, the trend toward systematic use of experience, the 
promotion of personal effectiveness, and many other manage- 
ment activities. 


Also included are the 1919 Report entitled, ‘‘The Status of 
Industrial Relations,’’ which Dr. L. P. Alford wrote as a supplement 
to the 1912 ‘‘Status Report,’’ and the panel discussion of the 1952 
Report. 


This first consecutive documentation of a half century’s 
progress in management does more than record and evalu- 
ate what leaders in the field did and thought. It clarifies 
the complexities of many accomplishments taken for 
granted; it provides a better understanding of the dimen- 
sions of the developments of the past and, it contains the 
information needed to tackle many of the unsolved man- 
agement problems of the 1960's. 


330 Pages 8% X ll $10.50* 


ASME will pay postage and handling charges on all orders ac- 
companied by check or money order. 


THE AMERICAN SOCIETY OF 
MECHANICAL ENGINEERS 


29 W. 39th St. New York 18, N. Y. 


*20% discount to ASME Members 
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